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Introduction

The main purpose of this thesis is the study of qualitative properties of resolvent families
of operators on Banach spaces and their applications to evolution equations. The concept
of resolvent families was introduced by Da Prato and lanelli in [27, Definition 1], as an
extension of the notion of Cy-semigroups, to study the existence of mild solutions to the

following integro-differential equations

u'(t) = /tk(t — s)Au(s)ds, t>0,
u(0) = up,

(0.1)

where A is a closed linear operator defined on a Banach space X, ug € X, k € L] _(R,). By
a resolvent family for (0.1) we mean a family of bounded linear operators {U(t)}+>0 C B(X)
(here B(X) denotes the space of all bounded and linear operators on X') which satisfies the
following properties:

a) u(t) :=U(t)x € C(]0,00), X), for all x € X,

b) u(t) ;== U(t)x € C'([0,00), X) N C([0,00), D(A)) for all z € D(A),

c) there exist M > 0, and w € R such that |U(t)]] < Me“* for all t > 0, and

d) the function u verifies problem (0.1).

The existence of a resolvent family to problem (0.1) allows us to solve the inhomogeneous

problem

u'(t) = /Otk(t —s)Au(s)ds+ f(t), te0,T],
u(0) =z,

(0.2)

for any x € X and f € C([0,7], X). In fact, if {U(t)}+>0 is a resolvent family for (0.1), then

the solution to (0.2) is given in terms of its resolvent family by

u(t) = U(t)x—i—/o Ut —s)f(s)ds.

After that, this theory was developed rapidly. For instance, if A is a closed linear operator
defined on X, a € L} (R,), and f : R, — X is a continuous function, then the Volterra

loc
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4 INTRODUCTION

equation
u(t) = f(t) + /t a(t —s)Au(s)ds, te0,T],T >0, (0.3)

is well-posed (which means that there exists a unique solution to (0.3)) if and only if the
equation (0.3) admits a resolvent family, (see [79, Chapter I]) that is, there exists a strongly
continuous family of operators {S(t)}:>0 € B(X) such that S(t) commutes with A and

satisfies the following resolvent equation:
t
S(t)x ==z +/ a(t —s)AS(s)xds, t>0,z€ X.
0

If f e WhH([0,T7], X), then the solution to (0.3) is given in terms of its resolvent family by
([79, Proposition 1.2])

u(t) = S(t)f(0) + /OtS(t —s)f'(s)ds,t € [0,T].

The examples above show that the solutions to certain abstract equations can be written
in terms of its resolvent families. Some more general concepts such as integrated semigroups
[7], [9], cosine (and sine) families [8], a-times resolvent [50], a-order resolvent [53], convoluted
semigroups [47], integral resolvents [37], (a, k)—regularized families [57], among others, can
be considered also as resolvent families because they play a crucial role in the representation
of the solutions to certain integral, differential, integro-differential, among other equations.
Therefore, the knowledge of properties of this resolvent families allows us to obtain important
qualitative properties about these abstract equations.

This thesis is primarily focused to the study of the norm continuity and compactness of
certain general resolvent families on Banach spaces. In addition, spectral mapping theorems
for convoluted semigroups are given, and we introduce the concept of cosine and sine family
on time scales.

In the following paragraphs, we provide a brief description of each chapter of this thesis:

Chapter 1 summarizes preliminaries and some notation used. Chapter 2 treats about
the norm continuity of (a, k)-regularized families. The property of uniform continuity (or
norm-continuity) for one-parameter families of bounded operators is a topic of increasing
interest in recent researches, mainly because of their important role in the exploration of
useful criteria for the existence of solutions to nonlinear partial differential equations when
they are modeled as an abstract evolution equation on vector-valued spaces of functions, see
e.g. the monographs [8] and [79]. The applications of uniform continuity are usually found in

the use of fixed point arguments, which try to avoid hypothesis of compactness on the data of
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the problem, but where this hypothesis needs to be replaced by some better behavior on the
family of bounded operators dealing with the well-posedness of the associated abstract linear
problem. See e.g. [5, Remark 3.4], [14, Theorem 3.4], [31, Theorem 4.1], [83, Theorems 4.1
and 5.3] and [87] to cite a few references. Note that uniform continuity also plays a crucial
role in investigating the stability of solutions to abstract Volterra equations [20, Theorem
2.9] and abstract Cauchy problems.

Recently, Z. Fan [31] and other authors (see e.g. [83, p.208, item (ii)]), obtained charac-
terizations of compactness for families of bounded operators associated to a class of semilinear
fractional Cauchy problem. In the searching of these characterizations, one of the difficult
points is that they require the uniform continuity of the studied family [31, Theorem 3.6
and Theorem 3.7]. As remarked by Fan, the main problem is the non-existence of practical
criteria that can assure uniform continuity of the given family of bounded operators.

The main goal of this chapter is to give a complete answer to this problem. Our framework
will be the theory of (a, k)-regularized families [57]. We reformulate the above question as
an inverse problem finding a class of scalar kernels (a, k) such that property of the uniform
continuity holds.

An exhaustive study of uniform continuity is given not only for families of bounded
operators associated to fractional Cauchy problems, but also for a very wide class of families
of bounded operators { R(t) };+>0, namely, the class of (a, k)-regularized resolvent families [57].
This notion generalizes the theories of Cy-semigroups [8, Section 3.1, a-times integrated
semigroups [8, Section 3.2], convoluted semigroups [25], cosine functions [8, Section 3.14],
n-times integrated cosine families [9], resolvent families [79] a-resolvent families [12], among
others. For example, if a(t) = k(t) = 1 for all ¢ > 0 and if a(t) = t,k(t) = 1, the result
is the well-known cases of strongly continuous semigroups and cosine operator functions,
respectively. If a(t) = 1 and k(t) = t"/n! then R(t) is an n-integrated semigroup. Taking
a € L} (R,) and k(t) = 1 for all ¢ > 0 we have that R(f) is a resolvent family, which
are the central object of study in the theory of abstract Volterra equations [79]. Finally, if
a(t) =t*1/T(a) (o > 0) and k(t) = 1 for all ¢ > 0, then R(t) corresponds to a a-resolvent
family. An updated overview is given in [63, Section 2] and references therein.

Previous studies on uniform continuity for families of bounded operators have been done
mainly in the case of Cy-semigroups [51]. K. Latrach, Paoli and Simonnet [48], [49] have
studied the problem from different perspectives. See also [55] and [56] for a study in the case
of resolvent families associated to Volterra equations. In the case of cosine and sine families
of bounded operators, first studies are due to Travis and Webb [80, Proposition 4.1], [81,
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Proposition 2.4]. See also [52]. More recently, in [39] the authors have proven that when the
semigroup generated by the linear part of some linear neutral partial functional differential
equations in LP-spaces is norm-continuous, then the semigroup solution associated to the
neutral system is eventually norm-continuous.

It is well known that if a Cy-semigroup {7'(¢)}>o of type (M,w) defined on a Banach
space X generated by an operator A is continuous in the operator norm for all ¢ > 0, then
(s +ir — A)7Y|| = 0 as |7] — oo for all s > w. See [15], [29] and [68]. The converse is also
true in Hilbert spaces H (see [29], [33], [86]) but it might fail in general Banach spaces (see
for instance [69]). The recent paper [21] gives an example where the semigroup is nowhere
continuous in operator norm but the resolvent tends to 0 along 2 4 ¢7 almost logarithmically.
However, the question of finding a similar characterization for (a, k)-regularized resolvent
families under reasonable conditions on the kernels a and k remains as an open problem.

One of the main issues of this chapter in this thesis is the ability to solve this problem
assuming that a and k are 2-regular (see Chapter 2 for definitions) and certain behavior of
E()\) along the imaginary axis. More precisely, it is proved that the following assertions are

equivalent:

(1) {R(t)}+>0 is continuous in B(H) for ¢t > 0,
(i) lim |[k(s+ ir) (I —a(s + iT)A)_l” = 0 for some s > w.

|7|—00

This chapter is organized in the following way: Firstly, the definition of (a, k)-regularized
resolvent families and their main properties, and the notion of Grothendieck space and the
Dunford-Pettis property are recalled. A notion of regularity on the kernels will be also
useful as well as an important result due to Lotz [66] that is the key to establishing one of
our main results in the forthcoming sections. Next, a slightly surprising result is given: in
Theorem 2.9 is shown that a strongly continuous (a, k)-regularized resolvent family on a class
of Banach spaces containing all L> spaces is necessarily uniformly continuous (£ > 0). This
result generalizes a known theorem in the case of Cy-semigroups due to Lotz [66]. Then,
we remark an interesting corollary: The result is also true in the case of certain families of
bounded operators (called a-resolvent families) which play a central and decisive role in the
development of qualitative properties for solutions to fractional partial differential equations.
Next, to characterize those (a, k)-regularized resolvent families which have the property of
being near k(t) times the identity (i.e., R(t) — k(t)[ is compact for some positive value of
t), early results on such property are due to Cuthbert [26], Henriquez [40] and Lutz [67]
among other authors. It turns out that this property is equivalent to the compactness of the

generator. This equivalence is proved in Theorem 2.14. Finally, an important characterization
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of uniform continuity (for ¢ > 0) in case of Hilbert spaces (see Theorem 2.21) is given. This
characterization constitutes a remarkable and nontrivial extension of previous results (see
[56] and [86]) and will be useful in establishing practical criteria, e.g. on the compactness of
(a, k)-regularized families of operators in general, and their specialization in different cases
of interest. An example of this statement is given in Corollary 2.22 and further applications
are indicated in Remark 2.23. The results of this chapter are part of the paper [61].
Chapter 3 is devoted to the compactness of fractional resolvent families. A fractional
resolvent operator function endows the solution operator, defined by the inhomogeneous

equation
Dju(t) = Au(t) + f(t,u(t)), 0<a <2, (0.4)

by means of the variation of constants formula, with the compactness property, comparable
with the finite-dimensional counterpart.

For o« = 1, the well known criterion for compactness of Cy-semigroups (see e.g. [75,
Theorem 3.3, Chapter 2|), asserts that a Cy-semigroup {7T'(t)}:>o generated by A is compact
(for t > 0), if and only if, T'(¢) is continuous in the uniform operator topology for ¢ > 0, and
the resolvent operator (A — A)~! is compact for all A € p(A), the resolvent set of A. This
criterion has great importance in the study of existence of mild solutions for (0.4), because
arguments to solve (0.4) using fixed points theorems of Schauder’s type can be applied.

In case a = 2, we find a similar situation assuming that A is the generator of a strongly
continuous sine family {S(¢)};>0. In this case, the compactness criterion of sine family (see
[80]), asserts that a sine family S(¢) is compact for all ¢ > 0, if and only if, the resolvent
operator (A\* — A)~! is compact for every A € p(A). Observe that, in infinite dimensional
Banach spaces, a cosine family {C(¢)};>o cannot be compact.

In the last decade, the fractional differential equation (0.4), where the fractional derivative
is understood in the Caputo sense, has been extensively studied. Equations with memory of
type (0.4) are in connection with several applications in physics and viscoelasticity theory
(see [76], [79] and references therein). The solution to equation (0.4) in the case 0 < o < 1

is essentially given by

u(t) = Sa(t)u(0) + /0 Sal(t — 8)f(s,u(s)) ds,

where {5, (t) }+>0 is the (o, 1)-resolvent family generated by A. Several properties of {S,(t) }+>0
have been studied in [19], [50], [53] among others. The compactness of {S,(t) }+~o was first
studied by subordination methods, i.e., A is supposed to be a generator of a compact semi-

group, and then compactness of the family {S, ()}~ is obtained, see Priiss [78, Corollary
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2]. After that, Wang, Chen and Xiao [83], assuming that A is an almost sectorial operator
and (A\* — A)~! is compact, proved that the family {S,()}+>o is continuous in the uniform
operator topology for ¢t > 0 [83, Theorem 3.2|, and compact [83, Theorem 3.5]. The method
relies on the use of functional calculus. Very recently, and under the hypothesis continuity
in the uniform operator topology for ¢ > 0, Fan [31] found out that the compactness of
the resolvent operator (A* — A)™! is necessary and sufficient for compactness of {S,(t)}+>o.
The proof follows a direct method having in mind the case o = 1. However, the necessary
condition has a flaw in their proof (see Remark 3.10 below), and therefore the problem of
characterization of compactness remains open. The objective of this chapter is to provide
a completely new approach to Fan’s result, and to provide a complete characterization in
the complementary case 1 < a < 2 for the associated family R, (t) = (ga—1 * Sa)(t) that
corresponds to the fractional counterpart of the sine functions for a = 2 and that has not
been studied previously in the literature. An application of these results to the existence of
mild solutions to a semilinear fractional abstract equations with nonlocal initial conditions
is also given. The results of this chapter are part of the paper [60].

In Chapter 4 we are interested in to obtain a version of the Spectral Mapping theorem
for k-convoluted semigroups. It is well known that if A is the generator of a Cy-semigroup

{T'(t)}+>0 defined on a Banach space X, then the spectral inclusion
o(T(t)\ {0} 2 €7,
holds for all ¢ > 0. Moreover, the equality holds for the point and residual spectrum, that is

op(T()\ {0} = e, (0.5)
o (T()\ {0} = W, (0.6)

for all ¢ > 0. However, the converse inclusion for the entire spectrum does not hold in
general [30, Chapter IV] because of the behavior of its approximate point spectrum. On
the other hand, the works of C. Day [28], and G. Greiner and M. Miiller [36], show that
the equalities (0.5)-(0.6) and the corresponding equality for the approximate point spectrum
hold for integrated semigroups by using an extrapolation theorem exposed by W. Arendt, F.

Neubrander and U. Schlotterbeck (see [10]).

1

e(Ry), are a natural extension of the concepts of

The k-convoluted semigroups, k € L
n-integrated and a-integrated semigroups, n € NU {0} and « > 0, respectively.
In this chapter, a spectral mapping theorem for the point spectrum, approximate point

spectrum and residual spectrum for an k-convoluted semigroup {R(t)};>¢ is proved. To be
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more precise, it is shown that if A generates a k-convoluted semigroup {R(¢)}+>o, then

gp(R(t))U{0} = { /0 k(t—s)eMds: ) e Up(A)} U {0}, (0.7)
o (R(t))U{0} = { /0 k(t—s)eds: )€ aa(A)} u {0}, (0.8)
o (R(t)U{0} = { /0 k(t—s)eMds: ) e U,,(A)} u {0}, (0.9)

for all ¢ > 0. In this chapter the equalities (0.7), (0.8) and (0.9) are proved in case when A is
the generator of a Cy-semigroup and a k-convoluted semigroup. The results of this chapter
are part of the paper [62].

Finally, Chapter 5 is devoted to define and establish properties of cosine and sine functions
on time scales. Recently, it was introduced in the literature the concept of Cy-semigroup
on time scales, which encompass this concept in all the classical cases and also, for several
interesting time scales such as the quantum scales, hybrid scales, among others (see [41]). We
point out that this definition is very general and does not require the additivity property on
the time scale. They employ the Laplace transform to address the definition of Cj-semigroup,
which turns it much more general. On the other hand, it is a known fact that the theory

of semigroups plays a crucial role to study the first order abstract Cauchy problem on time

scales
At) =Au(t), teT]
wA(t) = Auft), teT], 010
u(0) ==,
and also, to study nonlinear first order abstract problem on time scales given by
At) = Ault t,u(t)), teTy
u(0) ==,

where A is a closed linear operator in a Banach space X, x € X and Ty is a time scale such
that 0 € Ty and sup Ty = +o0, and Ty = Ty NRT. The equations (0.10) and (0.11) are very
important for applications and to study several interesting models.

On the other hand, the theory of abstract cosine and sine families plays an important
role in the study of the existence of solutions to second order equations and to investigate
different problems in several fields of knowledge. Due to this fact, this theory has been
attracting the attention of several authors, see [3], [22], [35], [43], [58] and the references
therein. However the theory of discrete abstract cosine functions has not been completely
developed. For instance, the correspondence with the set of all discrete cosine functions

defined by means of D’Alembert functional equations is still an open problem as well the
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description of the generator of abstract cosine has not been given yet. Also, to the best of
our knowledge, the definition of abstract cosine functions on quantum or hybrid scales was
not introduced in the literature until now. Therefore, one of the goals of this paper is to try
to fulfill this lack of literature and to present a unified theory for abstract cosine functions
which encompass the continuous, discrete and hybrid cases.

Therefore, motivated by these results, it is introduced in this chapter the concept of cosine
and sine functions defined on time scales, in order to study the homogeneous abstract second

order Cauchy problem on time scales
urB(t) = Au(t), te Ty,
u(0) ==z, (0.12)
u?(0) =y,
the inhomogeneous abstract second order Cauchy problem on time scales

utB(t) = Au(t) + f(t), teTy,
w(0) =z, (0.13)
u?(0) =y,

and the nonlinear abstract second order Cauchy problem on time scales

utr(t) = Au(t) + f(t,u(t), teTq,
u(0) =z, (0.14)
u®(0) =y,
where A is a closed linear operator in a Banach space X, x,y € X.

It is a known fact that when we are dealing with second order dynamic equations on
time scales, we can formulate the problem using several different ways. Therefore, it is a
big deal to find out an appropriate formulation to study each problem. In our case, since
we are interested to study abstract cosine and sine functions as well as their properties, our
equation given by (0.12) is the most appropriate to investigate this problem. See Remark
5.12 for details.

We recall the reader that the classical way to define cosine function is through the following

property:
{ 20()C(s) = Clt+s)+C(t—s), tseER, 0.15)
co) = I
However, if we define the abstract cosine function on time scales by the usual property
(0.15), we need to require a very restrictive property to the time scale, in order to ensure

that the abstract cosine on time scales is well-defined, which means, the time scale should
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satisfy the group property, which is defined as follows. If T has the group property, then the
following two conditions are satisfied:

(1) 0eT,

(2) Ift,s € T, then t — s € T.

Therefore, in order to avoid such restriction on the time scales, we present the definitions
of the cosine and sine functions using Laplace transform on time scales. This approach is
much more general and encompasses all time scales T satisfying 0 € Ty and sup Ty = +oc.
Further, using such approach, we are able to deal with several different types of time scale such
as quantum scale, hybrid scales, among others. Although of all these advantages, to prove
the results using only this general condition represents a big deal, because to prove mostly
of the results concerning abstract cosine and sine functions, we need to present completely
different and new arguments to the ones found in the literature, since these last ones usually
employ the functional equation to get them.

This chapter is organized as follows. The first section is devoted to remember the concept
of Laplace transform on time scales, its properties will be necessary to establish the main
results. The second section is devoted to define and develop the concept of abstract cosine
function on time scales, which generalizes the properties of the classical theory. Among
others, we prove the following properties of the abstract cosine function:

(a) fot(t — o1(s))C(s)x As € D(A) and Afg(t —o01(s))C(s)x As = C(t)x — x for all
re X, teTy.

(b) If x € D(A), then C(t)z € D(A) and AC(t)z = C(t)Ax for all t € T .

(c) Let x,y € X. Then x € D(A) and Ax = y if, and only if, for all ¢ € Tg we have

/0 (t —or(s)C(s)yAs = C(t)x — x.

- B e 2CH)T —x)
(d) If 0 is right-dense, then D(A) = {x €eX: hll)rgl+ — ex1sts}, and
Ap = 1im 2Rz =)
h—0+ h?

(e) If 0 and o7 (0) are right-scattered, then

_ . (C(ar(02(0))) = Clon(0))z | (C(0) = Clox(0)))z .
D(A) = {:L‘ €eX: 1on (2 (0))(0) + (02 is well — deﬁned}7
and
Ay — (Clon(o1(0))) = Clox(0))z | (C(0) — Clon(0))z

1(0=(0))2=(0) T 0y
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(f) If 0 is right-scattered and ¢ (0) is right-dense, then

iy (Clx(0) + 1) = Clor(0))z | (C(0) = Clon(0)z .
D(A) = {x € X: hll)rél+ ()7 + 12 (0) ex1sts},
and
_ iy (Clon(0) + 1) — Clox(0))z | (C(0) = Clon(0))x
AT pr (O T m@

In the previous properties, or(t) and pr(t) denote the forward jump operator and the
graininess function, respectively. The properties (e) and (f) bring the definition of the gener-
ator A when 0 and o7(0) are right-scattered, and 0 is right-scattered and or(0) is right-dense,
respectively. These descriptions to the generator are very surprising and to the best of our
knowledge, it has not been presented in the literature until now. Also, we point out that the
cases (d), (e) and (f) are the only ones to consider, since the case when 0 is right-dense and
or(0) is right-scattered is not possible. See Remark 5.21 for details.

In the third section, our goal is to show how restrictive is the class of time scales which
satisfies the group property. In order to do it, we prove several results describing such
restriction. For instance, we prove that if the class of time scales satisfies the group property,
then the hybrid time scales are not included in this class (see Theorem 5.23). Also, we show
that if 0 is right-dense, then the only possibility for T is R (see Remark 5.25). The fourth
section is devoted to introduce the concept of abstract sine function on time scales and prove
its properties. Among others, we prove the following properties of the abstract sine function:

(a) If € D(A), then S(t)z € D(A) and AS(t)x = S(t)Ax for all t € Ty .

(b) f;(t — o1(s))S(s)r As € D(A) and Afg(t —o1(s))S(s)x As = S(t)x — ta for all
re X, teTy.

(c) Let z,y € X. Then x € D(A) and Az = y if, and only if, for all ¢ € T¢ we have:

/0 (t —on(s))S(s)y As = S(t)x — tx.

Also, we prove a result which ensures that if ;1(0) > 0 and the homogeneous Cauchy problem
(0.12) has a solution, then A is a bounded linear map (see Theorem 5.34).

In the fifth section, we apply our results to study the inhomogeneous abstract second order
Cauchy problem (0.13), obtaining a version of variation constant formula for the solution of
the problem. Finally, in the last section we investigate the nonlinear abstract second order

Cauchy problem on time scales (0.14). The results of this chapter are part of the paper [70].



CHAPTER 1

Preliminaries

This chapter contains some preliminaries used throughout the whole thesis. After present-
ing some notations and definitions, the operators of Riemann-Liouville fractional integration
and Caputo fractional derivative are defined. Next, we introduce two special functions in-
timately related to fractional differential equations, in order to study the properties of the
operator of Riemann-Liouville fractional differentiation. At the end of this chapter, we study
the properties of the basic calculus on time scales.

Most notations used in this thesis are standard. Thus, N, R, R, and C denote the sets
of natural, real, nonnegative and complex numbers, respectively.

We denote by L}, (R, ) the set of locally integrable functions defined over [0, c0), and by
I

loc

(R4, X) the Banach space of all locally (Bochner) integrable vector-valued functions. Let
X, Y be Banach spaces with norms || - ||x, || - ||y, and we omit subscripts when there is no
confusion. We denote by B(X,Y) the space of all bounded linear operators from X into Y,
and by B(X) the space of all bounded linear operators from X into itself. If A is a linear
operator on X, then D(A), ker(A) and ran(A) denote respectively, domain of A, null space
of A and range of A. Also, p(A) and o(A) will denote the resolvent set and spectrum of A
respectively, and R(\, A) = (A — A)~! will represent the resolvent operator of A.

Definition 1.1. Fora € L} (R,) and k € L} (R.) we define the finite convolution

loc loc

between a and k as .
(a5 k)(t) = / k(t — s)a(s) ds.
0

Also we denote by a*™ the convolution of a with itself n-times, that is,
a™(t) = (a*xax*---xa)(t).

Definition 1.2. For a > 0, we define the function g, as

tozfl
—, t>0

ga(t) =< TI'(a)
0, 1<0

where I'(+) denotes the Gamma function. We also define go(-) = g, the Dirac delta.

13
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Definition 1.3. We say that a resolvent family {R(t)}+>0 is exponentially bounded
(or of type (M,w)) if there exist constants M >0 and w € R, such that

|R(t)|| < Me**  for all t > 0.
Now, we give some definitons on fractional calculus.

Definition 1.4. Given a continuous function f, the Caputo fractional derivative of

order o > 0 s defined by

¢
DEFE) = (g S0 = [ st = 5)5(5) s,
0
where n = [a] is the smallest integer greater that or equal to .

For details in fractional calculus, we refer the reader to [42], [46], [72] and [88]. We

notice that if « =m € N, then D" = D™ = 4=,

Definition 1.5. [88] Let a > 0. The a-order Riemann-Liouville fractional integral
of u is defined by

Ju(t) = /Ot ga(t —s)u(s)ds, t>0.

Also, we define J%u(t) = u(t). Because of the convolution properties, the integral operators
{J%Yas0 satisfy the following semigroup law: J*JP = J*8 for all o, B > 0.

The Caputo derivative operator Dy satisfies
Dy J%u(t) = wu(t),

JODfu(t) = u(t) =Y u®(0)gen(t),

where n = [«].
For more detailed results on fractional calculus and fractional differential equations, we
refer to [1], [2], [4], [46], [59], [77], [84], [88] and references therein.

Definition 1.6. The Laplace transform of f € L}, (R, X) is defined by

loc

o~

Oy = /0 T e MEd, Re(\) > w,

whenever the integral is absolutely convergent for Re(\) > w.
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The reader can find in [8, Chapter 2| properties of the Laplace Transform for Bochner

integrals. Also, we have the following properties for the fractional derivatives:

n—1
Dpu(y) = Xa(h) =Y u®(0a
k=0

where n = [a] and A € C.

Now, we present some basic concepts and properties about time scales which will be
essential to prove the main results. The reader can find more details in [17], [18].

A time scale T is a closed and nonempty subset of R. For every ¢t € T, we define the

forward and backward jump operators or,pr: T — T, respectively, by:
or(t) =inf{s € T: s>t} and pr(t) =sup{s € T:s < t}.

If op(t) > t, we say that t € T is right-scattered . If t < supT and or(t) = t, then ¢ is
called right-dense . Analogously, if pr(t) < t, we say that t € T is left-scattered, whereas
if t > inf T and pr(t) = ¢, then t is left-dense. Also, we define the graininess function
pr(t) : T — [0,00) by ur(t) := orp(t) — t.

We will denote a closed interval in T by [a,blyr = {t € T : a < t < b}, where a,b € T.

Similarly, we can define the open intervals and half-open intervals, among others.

Definition 1.7. A function f : T — X 1is called regulated if its right-sided limit exists

at right-dense points in T, and its left-sided limit exists at left-dense points in T.

Definition 1.8. A function f : T — X is called rd-continuous if it is continuous at
right-dense points in T, and its left-sided limit exists at left-dense points in T.
We denote the class of all rd-continuous functions f : T — X by Crq = Cpq(T, X).

To be able to remember the definition of A-derivative, we need to recall the concept of
the set T*, which is defined by:

T — { T\ {m}, if T has a left-scattered maximum m,

T, otherwise.

Definition 1.9. Fory : T — R and t € T", we define the delta derivative of y to
be the number (if it exists) y>(t) with the following property: given € > 0, there exists a
neighborhood U of t such that

[y(o2(t)) = y(s) = y>(t)(on(t) — 8)| < elox(t) — s,

forallseU.
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The delta-integral on time scales satisfies the same basic properties as the classical Rie-

mann integral.

Theorem 1.10. [17, Theorem 1.75] If f € C,q and t € T", then

or(t)
/t £(5) As = up(t)£(0).

Theorem 1.11. [17 Theorem 1.77] If f,g € C,q, then

/fmr £ At = (£9)(b) /f
/f H At = (fg)(0) /f At

Next, we recall the notions and the results concerning Hilger complex plane and gene-

ralized exponential function. All the results can be found in [17].

Definition 1.12. For h > 0, we define the Hilger complex numbers, the Hilger real

azxis, the Hilger alternating axis and the Hilger imaginary circle by:

C, = {ze@:z%—l},

1
R, = {ze@h zG]Randz>—E},
1
A, = {ze(Ch zeRandz<—E},
1 1
I, = {zECh z+ = ‘ h}’

respectively. For h =0, let Co = C, Ry =R, Iy = iR and Ay = (.

Definition 1.13. For h > 0 and z € C,, we define the Hilger real part of z by:
|zh+ 1| —1

—

We present the following notation used in Chapter 5:

Re,(A)(t) == Reuy)(A),

and Reg(z) := Re(z) in the usual sense.

Rep(z) :=

Theorem 1.14. If we define the circle plus addition & on Cp, by:
2P w=z+w+ zwh,

then (Cp, ®) is an Abelian group.
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Definition 1.15. If z € Cp,, the additive inverse of z under the operation & 1is:
-z

14 zh

and we define the circle minus substraction S on C;, by:

6z

20w =z® (Sw).

Definition 1.16. We say that a function p : T — R is regressive provided that 1 +
pr(t)p(t) # 0 for allt € T*. The set of all regressive and rd-continuous functions f : T — R
will be denoted by R = R(T,R).

Definition 1.17. For p € R, we define the generalized exponential function by:

t
ep(t,s) = exp </ Eunryp(1) Ar) for s,t € T.

Here, the cylinder transformation &, is defined by:

&n(z) = %log(l + zh),

where log denotes the principal logarithm function. For h = 0, we define & (2) = z for all
z e C.

Finally, we present properties of the generalized exponential function on time scales.

Theorem 1.18. [17, Theorem 2.36] If p,q € R, then:
(1) eo(t,s) =1 and ey(t,t) = 1;
(2) eg(t,s) = ep(on(t), s) = (1 + pu(t)p(t))ep(t, s);

1
(3) ep(t, 8) - e@pl(tv 3)}
(4) ey(t,s) = ) ecp(s,t);
(5) eyt s)ep(s, 1) = ep(t,7);
(6) ep((tta 5))€q(ta $) = epay(t; 8);
(7) BZ(t:S> - ep@Q(tv S)

(8) (#)A I IO N
ep(t s) ep(on(t), 5)
Lemma 1.19. [54, Lemma 5.1] Let o > 0, then for any fized s € T, the following property
15 fulfilled:
eoalt,s) >0 as t— oo.






CHAPTER 2

Norm Continuity

One-parameter strongly continuous families {R(t)}:>¢ of bounded operators, defined on
a Banach space, are useful instruments in the study of wide classes of abstract evolution
equations, because of their important role in the determination of useful criteria for the
existence of solutions to nonlinear partial differential equations, modeled as an abstract
evolution equation on some vector-valued space of functions. In this Chapter, we give a
complete answer to the question raised by some authors, studying a wide class of families
of bounded operators named (a, k)-regularized resolvent families. We show conditions which
ensure the uniform continuity of (a, k)-regularized resolvent families R(t) for ¢ > 0. Namely, it
is shown that on certain Banach spaces (e.g., L>(S, 3, i), each exponentially bounded (a, k)-
regularized resolvent family is in fact uniformly continuous for ¢ > 0. Also, we characterize
families R(t) such that R(t) — k(¢)I is a compact operator for all ¢ > 0. Finally, we prove
that in Hilbert spaces the uniform continuity of R(¢) for t > 0 (also called immediate norm
continuity) is equivalent to the decay to zero of k(A)(I — @(A\)A)~" along some imaginary
axis. Our results widely generalize known properties for strongly continuous semigroups and

cosine families of bounded operators.

1. (a,k)-regularized resolvent families

Let X be a Banach space, and A be a closed linear operator defined on X.

Definition 2.1. [57] Let k € C(R,),k #0 and a € L}, (Ry),a # 0 be given. A strongly
continuous family {R(t) }1>0 C B(X) is called (a, k)-regularized resolvent family on X
having A as its generator, if the following properties hold:

(1) R(0) = k(0)I;
(2) R(t)x € D(A) and tR(t)A:U = AR(t)x, for allx € D(A) and t > 0;
(3) R(t)x = k(t)x + / a(t — s)AR(s)xds, for x € D(A) and t > 0.

0

This notion generalizes the notions of Cy-semigroups, n-times integrated semigroups,
k-convoluted semigroups, n-times integrated cosine families , n-times resolvent families, a-
resolvent families, among others. For example, if a(t) = k(t) = 1 for all ¢ > 0 and if

19
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a(t) = t,k(t) = 1 for all ¢ > 0, then we obtain strongly continuous semigroups and cosine
operator functions, respectively [8]. If a(t) = 1 and k(t) = % for all ¢ > 0, then R(t) is an
n-times integrated semigroup [7]. Taking a € L}, .(R) and k(t) = 1 for all ¢ > 0 we have

loc

that R(t) is a resolvent family, which are the central object to study in the theory of abstract

tafl

Volterra equations [79]. Finally, if a(t) = m(a > 0) and k(t) = 1 for all t > 0, then R(t)
corresponds to an a-resolvent family [50].
It is well-known that if an (a, k)-regularized resolvent family exists, then it is unique [57].

Let {R(t) }+>0 be an (a, k)-regularized resolvent family with generator A such that
|R(t)|| < Mk(t), t=>0, (2.1)

for some constant M > 0. Then, under certain hypothesis on the kernels a and k (see [63,
Section 2| and references therein), we have
R(t)xr — k(t
D(A)=qx e X : lim Rlt)e = Kbz exists ¢,
t—0t  (ax*xk)(t)

and
~ lim R(t)x — k(t)z
Aw = t1—>0+ (axk)(t)

We note that there is a one-to-one correspondence between (a, k)-regularized resolvent fam-

(2.2)

ilies and their generators.
For exponentially bounded (a, k)-regularized resolvent families, it is well known the fol-

lowing characterization.

Theorem 2.2. [57] Let X be a Banach space and A be a closed and densely defined
operator. The following assertions are equivalent:
(1) A is the generator of an (a, k)-regularized resolvent family of type (M,w);
(2) For all X > w, the resolvent set p(A) contains the set {ﬁ :A>w} and

k) (I —aWA) 'z = / e MR(t)xdt, € X,\>w.
0
Here, without loss of generality, we are assuming that a and k are Laplace transformable
for A > w.
We recall that a Banach space X is called a Grothendieck space if every weak* con-

vergent sequence in X’ converges weakly, where X’ denotes the dual space of X.

Definition 2.3. A Banach space X is said to have the Dunford-Pettis property if
for all sequence {x,}n>0 in X such that x,, — 0 weakly in X and x!, — 0 weakly in X', we
have (x,,x.) — 0.
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For instance, the spaces L>®(X, €, u) where (X,€Q, ) is a positive measure space, and
C(X) (where X is a compact o—Stonian space) are Grothendieck spaces with the Dunford-
Pettis property. Recall that X is Stonian if the closure of every open set is open, and it
is o0-Stonian if the closure of every open F,-set is open. On the other hand, a Banach
space E is tnjective if for every Banach space X and every subspace Y of X, each operator
T :Y — E admits an extension 7 : X — E. Every injective Banach space is a Grothendieck
space with the Dunford-Pettis property. Finally, a reflexive space does not have the Dunford-

Pettis property, unless the space is finite dimensional.

Definition 2.4. [79] Let a € L, .(Ry) be Laplace transformable and n € N. The kernel

loc

a(t) is called n-regular if there exists a constant ¢ > 0 such that
A"t (V)] < cad),
for all Re(\) >0 and 0 < m < n.

For example, for n € N fixed and « > 0, the kernel a(t) = a—: is n-regular. Also, for
a,b >0 and n € N fixed, the kernel a(t) = e"t* is n-regular.
We finally recall the following result due to Lotz [66].

Theorem 2.5. [66, Theorem 10| Let E be a Grothendieck space with the Dunford-Pettis
property and let (T,,) C B(E) with lim |T,,(T, — I)|| = 0 for all m € N. If (T,) tends
to the identity in the strong operaton:%pology, then lim ||T,, — I|| = 0. If, in addition,
nh_)rglo (T, — I)T,,|| = 0 for every m € N, in particular:l;}‘ooall operators T,, commute, then it

suffices to assume that (T,,) converges to the identity in the weak operator topology.

Definition 2.6. Let X be a complex Banach space. A strongly continuous family of
bounded and linear operators {S(t)}+>0 C B(X) is said to be uniformly continuous if for
all s > 0,

lim |5(2) — S(5) l0x) = 0. (2.3)

This concept is also called norm-continuity for some authors ([21], [29], [33], [69]),
but also it sometimes refers to the case that (2.3) holds for all s > 0. To distinguish between

both cases, some authors say that {S(t) }+>0 is immediate norm continuous when refers

to the continuity of {S(¢)};>0 in the uniform operator topology for s > 0.

2. Uniform continuity in L*° type spaces

In this section, we will assume that a and k are exponentially bounded functions, and

hence Laplace transformable. Moreover, we suppose that k(A) # 0 and @(\) # 0 for all A
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sufficiently large. Our main result in this section shows that in certain classes of Banach
spaces, the uniform continuity for (a, k)-regularized resolvent families is automatic. This
result generalizes results of Lizama [55] and Lotz [66], and also provides new results. We

will need two preliminary lemmata.

Lemma 2.7. Let {R(t)}i>0 be a uniformly continuous (a, k)-reqularized resolvent family
with generator A. Assume that a and k are exponentially bounded functions, a is positive,
and |k(0)| > 1. Then A must be a bounded operator and

R(t) = k() + iA”(a*" «k)(t), t>0. (2.4)

Proor. Fix ¢t > 0 and define

() = m /0 a(t — $)R(s) ds.

Since {R(t) }+>0 is a uniformly continuous family, there exists § > 0 such that for 0 < s <9,
we have |R(s) — k(0)I]] < 1. Let 7 € (0,9) be fixed. Then,
f(r

HFO))—IH < I1f(r) = KO)I]

Hﬁ /OT““ —5)(R(s) — k(0)) ds

1 T
m/{) Q(T—S)dS:L

Therefore, ﬁ f(7) is invertible on X. Let x € X be fixed. There exists y € X such that
x = f(7)y. But, according to [57, Lemma 2.2] for y € X we have

1

f(r)y = W/o a(t — $)R(s)yds € D(A).

Then, D(A) = X. Since A is closed, it implies that A is a bounded operator, proving the
first assertion of the theorem.

From the hypothesis, we may assume that a(t) < Me* and |k(t)| < MeM for the same
constants M > 0 and A > 0. Denote e, (t) = e, ¢ > 0 and observe that e{"(t) = %G)\(t)
for n = 2,3, ... Hence, |(a™ % k)(t)] < M %e,(t) for all t > 0 and n € N, and therefore

- *70 - n ntn
dolAr @ k)@ < MY _|lAI"M et) = MM, (¢).
n=1 n=1 ’
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This proves that the series in the right hand side of (2.4) converges. Define
t)+ > A" k)(t), t>0.

It is easy to show that S(t) = k(t) + A(a * S)(t). Now, by uniqueness, we conclude that
S(t) = R(t). It proves the formula (2.4). O

The following Lemma provides a converse of the above property. It is also new in the

context of (a, k)-regularized resolvent families with k # 1.

Lemma 2.8. Let {R(t)}+>0 be an strongly continuous (a, k)-regularized resolvent family
with generator A. Assume that a and k are exponentially bounded, a is positive and k €
CH(R). If A is bounded, then {R(t)}1>o is uniformly continuous.

PROOF. In order to see that the resolvent family R(¢) is uniformly continuous, we take

0 < t < s and observe that

I1R(t) = R(s)l < [Ik(?) H+ZHAH! k)(8) = (@™ x k)(s)].

t
Since k € C'(R), there exists p € C(R) such that k(t) = / p(r) dr + k(0). Hence,
0

IR(t) = R(s)l < [Ik() ||+Z||A||” ™ x (px1))(s) — (a™ * (p+ 1)) (¢)]

+|k(0)] Z JA[™ | (@™ % 1) (s) — (™ % 1)(2)]

< W)=kl + 1Al | [ < o)
O 1A | [ o)

< W) =K+ 1= 1A s ™ o)
HHO) sup o))

< W) =Kl + = AP sup (| [ pto =y

t<v<s
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k)] |a*"<v>|).

Mnrrn— 1
Note that |a™(7)] < ———— for 0 < 7 < s, where M := sup |a(7)|. Hence, we obtain
(TL - 1) 0<7<s
> A M n+lg
1)~ R < 40— Ko+ 1ol 32 TR sup (k@) + 40)
0 <v<s

< Jk(t) = k(s)| + [t = |- sup <|k<v>| k) - A M - el

This proves the lemma. O

Our main result in this section is the following theorem. It shows an interesting general-
ization of a result of Lotz in case that the kernel a is dominated by the kernel k in the sense

of their Laplace transforms.

Theorem 2.9. Let X be a Grothendieck space with the Dunford-Pettis property. Suppose
that A generates an exponentially bounded (a, k)-regularized resolvent family { R(t) }1>0 on X.
Assume that a and k are exponentially bounded, a is positive, k € CY(R), and suppose that
there exists a constant M > 0 such that |a(\)] < Mﬁf\()\)] for all X large enough. Then,

{R(t)}+>0 is uniformly continuous on X.

PROOF. By hypothesis, there exists w > 0 such that the functional equation

ROV R(p) = — RO, Ap>w

holds, see [63, Equation 3.8]. Here R(\) = k(\) (I —a(A\)A)™" by Theorem 2.2. Then, we

get the formula

(@) —a(\) (RN = k(N) R(p) = G R(1) — GNk() R(N), (2.5)
for all A\, u > w. Let us define T'(\) := ﬁﬁ()\) = (I —a(\)A)™ A > w. Replacing in (2.5),

we obtain the identity

)TN - DT(w) = GNT() - %ﬁw) n %ﬁiiﬁwm — AT ()
Therefore,
- . (A) a(N)
&) (T - DT(w)] < [@N)T M\H - \H Wl + 1G0T ()|
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and, by hypothesis and the fact that |a(\)| — 0 and ||§(/\)|| — 0 as A = 400, we obtain for
each p > w fixed, that
lim [a(u)(T(A) = DT (]| = 0.

A——+o00
In particular, we have that

Jim[[(T() — DT ()| =0
for p fixed. From Theorem 2.5, there exists A\; > w such that 7°()\;) is invertible on X, that
is, T(\)~' € B(X). Therefore, A is a bounded operator and, by Lemma 2.8, we conclude

that the family {R(t) };>0 is uniformly continuous. O]
In case a(t) = k(t) = 1, we recover the following result due to Lotz [66].

Corollary 2.10. Let X be a Grothendieck space with the Dunford-Pettis property. Then,
every strongly continuous one-parameter semigroup of operators on X is uniformly continu-

ous.

In case k(t) = 1 and a € L}, (R,) is a Laplace transformable kernel, we recover [55,

Theorem 3.2] as follows.

Corollary 2.11. Let X be a Grothendieck space with the Dunford-Pettis property. Then,

every strongly continuous resolvent family of operators on X is uniformly continuous.

We consider for a > 0 the function g,(t) (see Definition 1.2), whose Laplace transform is

Ja(X) = A7 Next, we consider the fractional abstract Cauchy problem
Diu(t) = Au(t), t >0, (2.6)

where A is a closed linear operator defined on a Banach space X, and Dy* denotes the Caputo
fractional derivative (see Definition 1.4). Recall that if A generates a (g,,1)-resolvent family
{Sa(t)}+>0, then the solution to (2.6) is given by u(t) = S, (t)uy whenever ug € D(A). See
[12].

Corollary 2.12. Let X be a Grothendieck space with the Dunford-Pettis property. Let o >
1 and suppose that A generates an exponentially bounded (ga, 1)-resolvent family {Sa(t)}>0

on X. Then, {Sa(t) }i>0 is uniformly continuous on X.

Remark 2.13. It is known that the above result holds for o > 2 without restriction on
the Banach space X. See [12, Corollary 3.4].

It is interesting to observe that for integral resolvents, i.e. in case a = k, we also obtain
automatically uniform continuity for the class of Grothendieck spaces with the Dunford-Pettis

property. An special case is a(t) = k(t) = ¢ corresponding to a sine family [8, Section 3.15].
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3. (a, k)-regularized families with compact generator

In Section 2, it was proved that if an operator A is bounded, then the (a, k)-resolvent

family generated by A is given by
R(t) = k() + Y A™a™ = k)(t), t > 0.
n=1

In this section, we develop some aspects of (a, k)-regularized resolvent families of bounded
linear operators on a Banach space which have the property of being near k(t) times the
identity (i.e., R(t) — k(t)I is compact for some positive value of ¢). First results on such
property are due to Cuthbert [26], Henriquez [40], Lizama [55] and Lutz [67]. The following

result generalizes all the above mentioned papers.

Theorem 2.14. Let {R(t)}:i>0 be an strongly continuous (a, k)-resolvent family of type
(M, w) with generator A. Suppose that the kernels a, k are exponentially bounded functions,

a is positive, and |k(0)| > 1. Then, the following assertions are equivalent:

(1) R(t) — k(t)I is compact for all t > 0.

(2) A is a compact operator.

PROOF. Suppose that A is compact. Since the set of compact operators is a closed
subspace of B(X), we have by (2.4) that

R(t) — k(t)I = f: () ™A™ = lim Y k() ™"A",

N—r00
and hence, R(t) — k(t)] is a compact operator.

Conversely, suppose that R(t)—k(t)I is compact for all ¢ > 0. According to the hypothesis,
we have that for all Re(\) > w, the operator (I —a(\)A) is invertible and

/ h e MR(t)dt = R(\) = k(\)(I —a(\)A)™

for Re(\) > w. For x € X, define H(\)x := E(A)(I —a(\)A)~tz. We have

[e.o]

AH(Nz — Me(V\)z = Ae MR(x dt — Xk(A)x

Ne MR(t)x dt — / e ME(t)x dt
0

e M (R(t) — k(t))z dt.

Il
— S S—
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Hence by [85, Corollary 2.3], we obtain that AH (\)x — )\E()\)x is a compact operator. From
the identity

~ ~ H(\
AH(N)z — Ak(N) = —)\k()\)( — #),
k(M)
we obtain that (] — %) is a compact operator, and this implies that ran(%) is closed.
On the other hand, ran(%) = D(A) is dense on X. Therefore D(A) = D(A) = X,
concluding that A is a bounded operator. Next, we observe that the following identity holds:
~ I —a(\)A
A= (AHNz — Ak(A)I)M,
Ak(N)a(N)
and this implies that A is a compact operator. The proof is complete. 0

4. Immediate norm continuity in Hilbert spaces

Since reflexive spaces do not have the Dunford-Pettis property, we cannot apply Theorem
2.9 to characterize the uniform continuity for ¢ > 0 of (a, k)-regularized resolvent families in
general Banach spaces. Of course, in this case the generator A is not necessarily bounded.
This is one of the reasons why a characterization only in terms of the generator is desirable
but unfortunately it is difficult to obtain in general Banach spaces. However, we can obtain
a positive result extending an important result due to O. El Mennaoui and K.-J. Engel [29]
valid for the case a(t) = k(t) = 1 to the case of (a, k)-regularized resolvent families in Hilbert
spaces (see also [56] for the case of resolvent families).

Let A be a closed operator with domain D(A) densely defined, a € L} (R,) and k €

C(R,). Moreover, suppose a, k are 2-regular kernels.

Definition 2.15. Let k € L} (R, ) be Laplace transformable. We say that k is an ad-

loc

missible kernel if there exists /\lim /k\:(/\) = /k\:(ZT) for all |T| > 1, and satisfies the following
—T

condition:

(H) There exists a constant M > 0 such that, for all |7| > 1,
—_<wm
|7 k(i7)|

Example 2.16. For instance, the function k(t) = g,(t) is an admissible kernel for 0 <
a < 1, but fails to be admissible for o« > 1. Moreover, is easy to check that k(t) is 2-regular
(see Definition 2.4).

To prove our main result in this section, we need the following lemmata. The first Lemma,

corresponds to a general result for strongly continuous families of bounded operators.
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Lemma 2.17. Let {R(t)}+>0 be a strongly continuous family of type (M, o) defined in a
Hilbert space H. Then for any v € H and w > o, |R(w + iw)z|| and |R(w + iu)*z|| are in
L*(R, H), viewed as functions of u € R.

Proor. Without loss of generality, we can suppose that ¢ > 0. Let w > o be given and
define Ry(t) := e “'R(t). Then ||Ry(t)|| < Me~@=)* for t > 0. Let + € H be fixed, and
note that xjoec)(-)Ri(-)z is in L*(R, H), where x[o,0)(-) denotes the characteristic function.
In fact, we have
M|

VRiCl2 < [ [Meera|2ar < :
IX[0,00) () B1(-)]3 < /0 [Me dll ~ 2w —o0)

(2.7)

On the other hand, because {R(t)}+>0 is a family of type (M, o), its Laplace transform ﬁ()\)
is well-defined for all Re(\) > o and is holomorphic there. Hence, we have for all z € H and
seR,

R(w +is)z = / e~ WH Rtz dt :/ e SRy (t)x dt
0 0

_ / T o (RO dE = Flxiom (VR1())(5).

oo

It follows from (2.7) and the Plancherel Theorem that R(w+i(-))z € L*(R, H). Analogously,
we can prove that R(w + i(-))*z € L*(R, H). This proves the lemma. O

Lemma 2.18. Let a,k € L},.(Ry) be Laplace transformable and A be a closed linear
operator defined on a Banach space X. Assume that H(\) := /k\()\)(l —a(N)A)L emists for
all Re(X) > w. Then, there exist functions f;(A\), i = 1,2 and h;(N), j = 1,2,3, such that:

(1) H'(N) = LilNH(A) + f2(NH(N)?,
(2) H'(A) = hi(NH(A) + ha(NH(X)? + hs (N H(A)?,
for all Re(\) > w.

PROOF. A computation shows that for all Re(\) > w, we have

CEF) @ _aW
flw_m) ay W RGN (28)
and
R 2RE) | 28N @'
i) = EN kyay o ayr o am)’ 29
ha(y) = C{CN{CY R Oy S (e | (210)
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24’ (\)?
E(V)Za(\)?

This proves the lemma. H

hs(A) = (2.11)

Lemma 2.19. Let a,k € L}, (Ry) be Laplace transformable and 2-reqular, and suppose

loc

that k is an admissible kernel. Then, there exists a constant M > 0 such that:

(1) |Af1(N)| < M and |fo(N)] < M for all Re(\) > w;

(2) sup |hs(s+iT)| <M foralls>w and N > 1;
IT|[>N

(3) / |hj(s +iT)[Pdr < M foralls>w and N > 1, j =1,2.
IrI=N
PROOF. It is a direct consequence of formulas (2.8) - (2.11). O

Lemma 2.20. [29] Let X be a Banach space and let R : [0,00) — X be a function which
is continuous for t > 0. If there exist M > 0,w € R such that ||R(t)|| < Me**, then for every
p>w,

lim ||R(u+ ir)|| = 0.

|7|—00

Our main result in this section is the following characterization. It extends the main result
in [56, Theorem 2.2], proved in the case k(t) = 1. See also [86] for the same characterization

in case of Cy-semigroups, i.e., k(t) =1 and a(t) = 1.

Theorem 2.21. Let A be a closed linear operator defined in a Hilbert space H with dense
domain D(A). Assume that A generates a strongly continuous (a, k)-reqularized resolvent
R(t) of type (M,w), with M > 0,w € R. Also, suppose that a € L},.(R,) and k € C(R,)
are Laplace transformable, 2-reqular kernels, and that k is admissible. Then, the following

conditions are equivalent:

(1) {R(t)}i>0 is continuous in B(H) fort >0,
(2) ‘ l‘im ||E(s +i7) (I —a(s +i7)A)~" || = 0 for some s > w.
T|—00

PRrROOF. (1) = (2). It follows from Lemma 2.20.

(2) = (1). Let x € H be fixed and g > w. Since ||R(t)e x| < Me="=)|z||, the
function ¢ — Xjo.00)(£)R(t)e " is in L*(R, H) for all y > w (compare with the inequality
(2.7)). Since H is a Hilbert space, by Plancherel theorem is well known that the Fourier

transform is an unitary operator on L?(IR, H), thus we obtain

F (X0.00)(VR()e ) = E(u+i7)x,
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and hence, for t > 0 and each z € H,

o0

1 P
R(t)e Mz = by / e R(p + iT)x dr. (2.12)
7r

Clearly, the resolvent R(t) is continuous in B(H) for ¢t > 0 if and only if R(t)e™** is continuous
in B(H) for t > 0. Next, note that for each x € H we have

R(p+it)z = k(p+ir) (I —a(p +im)A) ',

and observe that if |7| — oo, then we get a(u + it) — 0 and E(u +i7) — 0, whence
| l‘im fi(u +i7)x = 0. Applying this to (2.12) and integrating by parts, we have

T|—00

R(t)e "z = —1 /00 e R (u+ iT)a dr
27t ‘

for t > 0 and # € H. Now, by Lemma 2.18 (1) and Lemma 2.19 (1) with H()) := R()\), we
have ‘ l|im R (i +i1) = 0, whence, again integrating by parts, we get
T|—00

[e.e]

1 PN
R(t)e "z = oo e R"(u+it)rdr, we€H, t>0. (2.13)
™ —0o0

Next, we show that the operator family {t*R(t)e "} is continuous in B(H) for t > 0:
Indeed, formula (2.13) shows

1
|t?R(t)e Mz — s*R(s)e x| = —
m

/ (e — ™R (pu + i)z dr

o)

1 . o~
S - / (eth o em's)R//(u —|—Z7')l'd7'
T Jiri=N
1 Tt irs||| P .
+= e — e||[R"(p + i7)x || dT
T Jir|<N

First, we estimate I;(N): Let ¢ > 0 and take z* € H. Using Lemma 2.18 (2), and the

Cauchy-Schwarz and Holder inequalities, we have

[(Li(N),2")| < sup [[R(u+ir)| - (/I|>N|h1(u+i7)!d7- [l

IT|I=N

~ 1/2 1/2
([ URGeimalpar) ([ e it ar)
[T|=N [TI>N

+ sup ||hs(p + 1) -
|T|>N

D . 2 1/2 D < Nk k|2 1/2
(/ | R+ ir)al|? dr ) (/ |R(u+ar)ya|Par) ).
ITI=N Ir|=N
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Next, by the Plancherel Theorem for the Hilbert space valued Fourier transform, and Lemma
2.19 (2)-(3), we get

* ~ . N o 1/2 .
(L(N).2%)| < sup [R(u+ir)| (M||as||||x |+ (2 / le Rty dt) Mo

ITI>N

0 1/2 00 1/2
+M—<27r / He’“tR(t)x\Pdt) (277 / He’“tR(t)*a;*Hth) >
0 0

Since {R(t)}+>0 is of type (M,w), we have that {e * R(t)};~0 and {e " R(t)*};~o are expo-
nentially bounded families of type (M, w — ), and that there exists a positive constant C' > 0
such that

/ le ™ R(t)al? dt < C]. / le Rty dt < C|].
0 0

for all z € H. Combining the above with the Hahn-Banach Theorem, we obtain the existence

of a constant K > 0 such that

L(N) = sup |</ (e — em)}?”(u +i7)x dT, )|
|T|I>N

f[z*[[<1
< K- sup [[R(p +ir)|[]]]

IrI=N

Since ‘ 1|im |R(ju + i7)|| = 0, there exists N > 0 such that
T|—00
K - sup ||[R(u+ir)|| < e
ITI>N

which yields the estimate I;(N) < €||z|| for each x € H.

To estimate I(N), we observe that e’ — 1|* = 4sin?(a/2),a € R. Therefore, for the

above fixed N we have

L(N) = / 7 — || R (4 im)a dr
|T|<N

1/2 1/2
< / |efm(t=9) 1|2d7'> (/ IR" (1 + z'T)xH2dT>
[7[<N [T|I<N
. 1/2 1/2
= 4/ sin? ((S — )T)‘ / IR (p + i)z || dr
Ir|<N 2 T <N
1/2 1/2
< / I7|?|s — t|* dr / ||§"(,u+i7)x||2d7
[TI<N |7I<N
1/2
2N3\1/2 ~
< fs -t (%) / IR (u + ir)z|*dr | .
3 jrl<N
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Since R" (i +i7) is a continuous function and the integral is defined over a compact subset
of R, there exists a constant C’ > 0 such that ||R"(u + it)z|| < C||z|; this implies

2N3

L(N) < |3—t|<T

By using these estimates for I1(N), I;(N), we get

1/2
)N < s - KN al]

[P R(t)e " — s R(s)e || < 2e,
for all |s — t| < ¢. This completes the proof. O

We finish this chapter with a direct application to results of Fan [31].

Corollary 2.22. Let A be a closed linear operator defined in a Hilbert space H with dense
domain D(A). Assume that A generates an a-reqularized resolvent S, (t) of type (M,w) for

some 0 < o < 1 and suppose

lim |[(s+i7)* " ((s +i7)* — A)

|7| =00

=0

-1
|

for some s > w. Then, S,(t) is compact for t > 0, if and only if (\* — A)~! is compact for
all X € p(A).

Remark 2.23. In a Hilbert space, all the results on Section 4 of [31] remain true when
the hypothesis on the given operator A, as generator of an analytic compact a-regularized

resolvent (0 < a < 1), is replaced by

lim [|(s +im)° " ((s +im)* — A) | =0

|T]—o0

for some s > w.

Remark 2.24. In the case a(t) = k(t) = 1, it is known that the characterization obtained
in Theorem 2.21 cannot be extended to Banach spaces (see [21] and [69] for instance).
However, we can naturally ask: Does it exist a class of kernels (a, k) # (1,1) where this

characterization remains true in general Banach spaces?



CHAPTER 3

Compactness

Fractional resolvent families are useful instruments in the study of abstract models for
partial differential equations describing anomalous diffusion. In this chapter, we study and
characterize the compactness of resolvent families of operators associated to fractional differ-
ential equations, for the case 0 < aw < 2. The compactness of {S,(t) }+>0 was studied by using
different methods, see Priiss [78, Corollary 2], Wang, Chen and Xiao [83, Theorem 3.5], and
Fan [31], under the hypothesis of continuity in the uniform operator topology. The objec-
tives of this chapter are: to provide a completely new approach to Fan’s result in the case
0 < a <1, and to provide a complete characterization in the complementary case 1 < a < 2
for the associated family R, (t) = (ga—1 * Sa)(t), fractional counterpart of the sine functions
and not studied previously. Finally, we show a new application in the study of existence of
mild solutions for a class of semilinear fractional differential equations with non-local initial

conditions. The results of this Chapter were recently published in [60].

1. Fractional resolvent families

The following definition was first introduced in [13] although implicitly in [57] and [79].

Definition 3.1. Let A be a closed and linear operator with domain D(A) defined on a
Banach space X and o > 0. We call A the generator of an (a,1)-resolvent family
if there exist w > 0 and a strongly continuous function S, : Ry — B(X) such that {\* :
Re(A) > w} C p(A), and

AT\ — Al = / e MSy(t)zdt, Re(\) >w,r € X. (3.1)
0

In this case, the family {S,(t) }+>0 is called (o, 1)-resolvent family generated by A.

The next definition was introduced in [6] after previous work in [13].

Definition 3.2. Let A be a closed and linear operator with domain D(A) defined on a
Banach space X and o > 0. We call A the generator of an («a,«a)-resolvent family
if there exist w > 0 and a strongly continuous function R, : R, — B(X) such that, {\* :

33
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Re(A\) > w} C p(A) and
A —A) = /OO e MR, (t)rdt, Re(\) >w,x € X. (3.2)

In this case the family {R,(t)}+>0 is called (o, a)-resolvent family generated by A.
Because of the uniqueness of the Laplace transform, an (1, 1)-resolvent family is a Cy-
semigroup, a (2,1)-resolvent family corresponds to a cosine family and a (2,2)-resolvent

family is a sine family, see [8].

Remark 3.3. If A is the generator of an («, 1)-resolvent family {S,(¢) }+>0, then by [57,
Proposition 3.1 and Lemma 2.2], we have that the family {S,(¢)}+>0 verifies the following

properties:
a) S, (t) is strongly continuous for ¢ > 0 and S, (0) = I;
b) S.(t)A C AS,(t) for t > 0;
c) for x € D(A), the resolvent equation

Sa(t)z =2 + /0 Ja(t — 38)Su(s)Ax ds

holds for all t > 0.
Similarly, an (o, a)-resolvent family {R,(t)}1>o verifies:
a) R,(t) is strongly continuous for ¢ > 0 and R,(0) = ¢g,(0)/;
b) Ru(t)A C AR,(t) for t > 0;
c¢) for x € D(A), the resolvent equation
t
R,(t)x = go(t)z + / Ga(t — s)Ra(s) Az ds
0
holds for all ¢ > 0.

Finally, we recall that a strongly continuous family {7'(t) }:>o is exponentially bounded
if | T(t)|| < Me** for t > 0, with M > 0 and w € R (Definition 1.3).
2. Characterization of compactness

Definition 3.4. Let X,Y be Banach spaces. We say that an operator T € B(X,Y) is
compact if T(Bx) is a compact subset of Y, where Bx = {x € X : ||z| < 1}.

Definition 3.5. We say that the resolvent family {Sa(t)}i>0 C B(X) is compact if for
every t > 0, the operator S,(t) is a compact operator. In the same way, {R(t)}i>0 C B(X)
is compact if Ry(t) is compact for every t > 0.
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The next Theorem was proved recently in [31, Theorem 3.6]. Unfortunately the proof in
[31] does not allow to obtain that the compactness of the resolvent (A* — A)~! implies the
compactness of the («, 1)-resolvent family {S,(t)}+~0, because there is a logical flaw in the
proof (see Remark 3.10 below). Here we prove, by a completely different method, the desired
characterization.

Our method of proof relies on two main ingredients. The first of them is a theorem due to
Weis [85] that asserts, roughly speaking, that the integral of a family of compact operators

is a compact operator:

Lemma 3.6. [85, Corollary 2.3] Let (2, i) be a measure space and Q2 >t — T, € B(X,Y)

be a strongly integrable function, i.e.,

Tz = / Tix du(t) (3.3)

exists for all v € X as a Bochner integral and [, | T;|| du(t) < co. If p-almost all T; in (3.3)

are compact, then T is compact.

The second one is a theorem due to Haase [38]. This result gives direct inversion of the
Laplace transform for one-parameter families of operators, when the family is regularized by

finite convolution with a locally integrable kernel:

Lemma 3.7. [38, Proposition 2.1] Let X, Y be Banach spaces, let S : [0,00) — B(X,Y)
be strongly continuous, and let a € Lj, [0,00) be a scalar function, both a and S of finite
exponential type. Then for every w > wy(S),wo(a) one has

wHiN
lim — eM(ax S)(N)d\ = (a* S)(1),

N—oo 271'2 w—iN

in B(X,Y), uniformly in t from compact subsets of [0,00).

Theorem 3.8. Let 0 < o < 1 and {S,.(t) }+>0 be an (a, 1)-resolvent family of type (M, w)
generated by A. Suppose that S,(t) is continuous in the uniform operator topology for all

t > 0. Then, the following assertions are equivalent:

(1) Su(t) is a compact operator for all t > 0.
(2) (A — A)~Y is a compact operator for all X > w'/®.

PROOF. (1) = (2) Suppose that {S, ()}~ is compact and let A > w be fixed. Then,
by (3.1) we have

AT — AT = / e MS, (1) dt,
0
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where the integral in the right-hand side exists in the Bochner sense, because {Sq(t)}:>0
is continuous in the uniform operator topology, by hypothesis. Then, by Lemma 3.6, we
conclude that (A* — A)~! is a compact operator.

(2) = (1) The case a = 1 follows from [75].

For the case 0 < a < 1, let £ > 0 be fixed. By (3.1) and (3.2), and the uniqueness of the

Laplace transform, we have the relation

Salt) = (91-a * Ra)(1). (3-4)

It follows that ¢g;_o € Li [0, 00), and therefore, by Lemma 3.7 and (3.4) we obtain

loc

w+iN e

lim — eM(g1_a * Ra)(N) dX = (g1 * Ra)(t) = Sa(t),

N—o0 271 w—iN
in B(X). Therefore,

= / eMATHAY — AT AN = S, (1),
r

271

where I is the path consisting of the vertical line {w+it : ¢ € R}. By hypothesis and Lemma
3.6, we conclude that S,(t) is compact. O

Remark 3.9. Theorem 3.8 extends the compactness criterion for semigroup operator
functions, see e.g. [75], [30, Chapter II, Theorem 4.29] and [34].

Remark 3.10. The proof of [31, Theorem 3.6] in (2) = (1) uses [31, Lemma 3.4].

However, one of the hypothesis of such Lemma is precisely (1).

Remark 3.11. Useful criteria for continuity of S,(¢) in the uniform operator topology
can be found in the work of Fan [31]. For example, this property is true for the class of

analytic resolvents, see [31, Lemma 3.8].

Our second main result completely characterizes the compactness of («, a)-resolvent families
in the range 1 < o < 2. In contrast with the case 0 < o < 1, it is remarkable that we obtain

here a characterization solely in terms of properties of the generator A.

Theorem 3.12. Let 1 < a < 2 and A be the generator of an (a,1)-resolvent family
{Sa(t)}+>0 of type (M,w). Then, A generates an (a, «)-resolvent family {Ra(t)}i>0 of type
(wa—M_l,w), and the following assertions are equivalent:

(1) Ru(t) is a compact operator for all t > 0.
(2) (A — A)~' is a compact operator for all X > w'/®.
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PRrROOF. We first prove that A generates an (a, a)-resolvent family {R,(t)}:>o of type
(34, w). By hypothesis, we have ||S,(t)|] < Me“" for all ¢ > 0, and define

Ro(t) := (ga—1* Sa)(t), (3.5)

for all ¢ > 0. We obtain

t
IR < M / Gor ()60 ds
0
M e+t o0

< / a—2 —ws ds < MGWt
— s % s :
- Na-1) J, — wol
In particular, we conclude that R,(t) is Laplace transformable and, for A > w, we have

R\ = %?au) — = A

Therefore, by definition, A is generator of R, (t) and it is an («, «)-resolvent family. This
proves the first claim.

(1) = (2) Suppose that { R,(t)}+~0 is compact. First, we prove that R, () is continuous
in the uniform operator topology for ¢ > 0. We can assume that w > 0, and observe that for

t > s, by (3.5) we have
Ralt) = Ru(s) = /t Gar ( — 1)Su(r) dr + /O (Gact(t — 1) — Gar(5 — 1)) Salr) dr
I (3.6)
Observe that
< [ gaatt =Sl < Mo [ gty
Because a > 1, we have g,(0) = 0, and we obtain
IL]| < Me*ga(t —s). (3.7)

On the other hand,
1] < / |9a—1(t = 1) = ga—1(s — 7)|[|Sa(r)|| dr
0
< Me“’s/ ga—1(t = 7) = ga—1(s —7)| dr
0

= Me“’s/ |ga_1(t—8—|—7‘)—ga_1(7“)|d7‘.
0

Note that g, is decreasing for a < 2, we have g,_1(r) — go—1(t — s + r) > 0, obtaining

L] < Mews/ (ga-1(r) = ga—r(t = s+ 7)) dr
0
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= Me“* (ga(s) — go(t) + galt — s)) (3.8)

Observe that in the case a = 2 we have I, = 0 because ¢;(t) = 1. Combining (3.7) with (3.8),

and replacing in (3.6), we obtain the assertion. Then, by Definition 3.2 for A > w, we have
(A — At = / e MR, (t) dt,
0

and the integral in the right-hand side exists in the Bochner sense, because {R,(t)}i=0 is
continuous in the uniform operator topology. Therefore, by Lemma 3.6 and the compactness
of {R4(t)}+>0, we conclude that (A* — A)~! is a compact operator.

(2) = (1) Let t > 0 be fixed. Since a > 1, it follows that g, ; € L{._[0,00) and hence,
by Lemma 3.7 and (3.5), we obtain

w+iN S
]\;EHOO % N 6>\t<ga—1 * Sa)(A) dA = (.ga—l * Sa)(t) - Ra(t)a
in B(X). Therefore,

= / MY — A)THd\ = R, (t)

271

where T is the path consisting of the vertical line {w+it : t € R}. By hypothesis and Lemma

3.6, we conclude that R,(t) is a compact operator. O

Remark 3.13. In the case a = 2, the preceding Theorem extends the compactness

criterion for sine operator functions in [80]. See also [82, Theorem 10.1.1].

3. Example: A problem with non-local initial condition

In this section, we present one example which does not aim at generality, but indicate
how our theorems can be applied to more concrete problems. For other examples, see [31,
Theorem 4.1] and [83, Theorem 5.3].

Example 3.14. Let T' > 0 be given. We study the semilinear problem
Dfu(t) = Au(t) + Jf(t,u(t)), 0<a<l1, teT:=]0,T], (3.9)
with nonlocal initial condition
u(0) + g(u) = uo, (3.10)

where f:[0,7] x X - X and g : C(I,X) — C(I, X) are continuous. Here, Dy denotes the

Caputo fractional derivative (see Definition 1.4).
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The concept of nonlocal initial condition has been introduced to extend the study of
classical initial value problems. This notion is more precise for describing nature phenomena
than the classical notion because additional information is taken into account. For the
importance of nonlocal conditions in different fields, the reader is referred to [64] and the
references therein.

Let A be the generator of an («, 1) - resolvent family S, (t). Then it is known that the

mild solution of (3.9) is defined by means of the variation of constants formula:

u(t) = Sa(t)(uo — g(uw)) + /0 Sa(t — ) f(s,u(s))ds, tel.

See, for instance, [31, Section 4]. We will make the following assumptions:

(H1) f satisfies the Carathéodory condition, that is f(-,u) is strongly measurable for each
u € X and f(t,-) is continuous for each t € I.
(H2) There exists a continuous function p : I — R, such that
LFE )l < p@®)ull, VEel, ueC(l,X).
(H3) ¢g: C(I,X) = C(I,X) is continuous and there exists L, > 0 such that
lg(w) = g()|| < Lyllu = vl|, Yu,v € C(1, X).

We prove the following existence theorem. The method of proof combines ideas from [31]
and [59].

Theorem 3.15. Let A be the generator of an («, 1)-resolvent family S, (t) of type (M, w).
Suppose that (\* — A)~1 is compact for all X > w, and that S, (t) is continuous in the
uniform operator topology for all t > 0. Then, under assumptions (H1) — (H3), the system
(3.9) — (3.10) has at least one mild solution.

PROOF. Define the operator G : C(I,X) — C(I,X) by

(Gu)(t) = Sa(t) (uo — g(u)) + /0 Sa(t —8)f(s,u(s)) ds.

Let B, :={u € C(I,X) : ||ul]| <r}. The proof will be conducted into several steps.

Step 1. First, we show that ' sends bounded sets of C'(1, X) into bounded sets of C(I, X).
In other words, for any given r > 0, there exists £ > 0 such that GB, C Bg. Let
u € B, and N := sup ||g(u)||, then

’MGBT

[Gu®)] < Ml!Sa(t)H(lluOH+H9(u)H)+M/Ot 156t = s)I[[].f (s, u(s))l ds
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t
< M@”t(lluOll+N)+M/ e p(s)u(s)|| ds
0

wT

(&
< M (gl + N) + Myl = €

Thus, GB, C Be.
Step 2. Next, we show that G is a continuous operator: Let u,,u € B, such that u,, — v in
C(I,X). Then, we have

|Gun(t) = Gu)] < [1Sa@®)[(Ig(un) = g(w)]]) +
/0 1St = )1 f (5, un(s)) = f(s,u(s))|| ds

< Me“ Ly|uy — ul| + M/0 U f s, un(s)) — f(s,u(s))]| ds

IN

t
Me“" Lg|lun — ul| + M/O e () (lun ()l + llus)Il) ds
t
< Me*TLy||lun, — ul| + 27’]\/[/ =) 1u(s) ds.
0

Choose n large enough such that |lu, —u|| < €. Also note that e*(*=*)(s) is integrable

on I. So, by the dominated convergence theorem,

/t ew(t—s)l|f(s7un<s)) — f(S,U(3)>|| ds —0 asn— (O, OH
0

which shows that G is continuous.
Step 3. Now, we show that G sends bounded sets of C'(I,X) into equicontinuous sets of
C(I,X): Let uw € B, with r > 0, and take ty < t; € I. Then, we have

|Gu(ts) = Gu(ta)]| < [[(Sa(tr) = Sa(t2))(uo — g(u)l| + /tl 150 (tr — ) f (s, u(s))| ds

+/0 2 1(Sa(ty — ) — Sal(ta — $))f(s,u(s))| ds
= Il + [2 + 13.
We have
I < [|Sa(t1) = Salt2)|l (o — g(w))]|

and because of the uniform continuity of S,(t) for ¢ > 0, we obtain tlthl I =0.
1—t2
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Next, we have

I

IN

t1
/ 0191 (8) [u(s)]| ds
to

< rllulet (1),

therefore, lim I, = 0.
t1—to

Finally, we have
I < / 1Suty = ) = Salts — )| £ (s, u(s))]| ds
< / 1Sa(ts — 8) = Saltz — s)lu(s)lu(s)] ds
0

< v / Sty — ) — Salts — 5)]|u(s) ds.

Now observe that
1Sa(ty — ) = Salta = )llu(s) < 2Me“Tp(-) € L'(1,R),

and S,(t;1 — s) — Sa(ta — s) — 0 in B(X), as t; — to. Thus tlin% I3 = 0 by the
1—t2

dominated convergence theorem.

G maps B, into relatively compact sets in X: In view of the hypothesis and Theorem

3.8, we have that S,(t) is compact for all ¢ > 0, and hence, we deduce that the set
K ={Sa(t—39)f(s,u(s)):ueC(l,X),0<s<t}

is relatively compact for each ¢t € I (see the proof of [31, Theorem 4.1] for details).
Then, the set conv(K') is compact. Moreover, for u € B,, using the Mean-Value

Theorem for Bochner integrals, we obtain
G(u(t)) € tconv(K), for all ¢t € [0, T].

Therefore, the set {Gu(t);u € B,} is relatively compact in X for every t € [0, 7.
From Steps 1-4, we deduce that GG is continuous and compact by the Arzela-Ascoli’s
Theorem.

Consider the set

Q:={ue B :u=AGu, 0 <\ <1}

Clearly, Q # 0 since 0 € €, so let u € Q. Then, we have

l() < A(Mea%nuon+||g<u>||>+M / e“’“‘s)||f(s,U<S)||d8>
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t
< )\(Meat(HuoH +N)+M7”/ =) 1 (s) ds)
0

ewT
< M (gl + N) + M|

Thus, €2 is bounded.
So, by the Leray-Schauder theorem, G has a fixed point. The proof is complete.



CHAPTER 4

Spectral Mapping Theorem

In this chapter, we prove the spectral mapping theorem for the point spectrum of a k-
convoluted semigroup {R(t)}+>0, and a version of the spectral mapping theorem for approx-
imate point spectrum and residual spectrum of R(¢) under the hypothesis that its generator

also generates a Cy-semigroup.

1. k-convoluted semigroups

This section is devoted to preliminaries and some properties of k-convoluted semigroups.

loc

Definition 4.1. Let A be a closed linear operator and k € L (R, ). A strongly contin-
uous family {R(t)}i>0 C B(X) is called a k-convoluted semigroup generated by A if the
following properties hold:

(1) R(t)xr € D(A) and R(t)Az = AR(t)x for all x € D(A) and t > 0;
t
(2) / R(s)xds € D(A) for allt >0 and x € X, and
0

R(t)x = /tk(s)x ds + A/tR(s)x ds, xe€X,t>0. (4.1)
0 0

We notice that if k(t) = %,n € N, the k-convoluted semigroup corresponds to the
n-times integrated semigroup introduced by Arendt [7], and a O-times integrated semigroup
is the same as a Cj-semigroup. If A generates a Cy-semigroup, then A generates an n-times
integrated semigroup for all n € N. If k(t) = ¢.(t),a > 0, the k-convoluted semigroup is
an a-times integrated semigroup (see [71]). The concept of k-convoluted semigroups was
introduced by I. Cioranescu in [24]. On the other hand, we notice that a k-convoluted

semigroup also corresponds to an (1, 1 x k)-regularized family (see [57] and Definition 2.1).

Proposition 4.2. [65, Theorem 5.3] Let k € Li (Ry). If {R(t)}i>0 is a k-convoluted

loc

semigroup with generator A on a Banach space X, then

t

/ A R(s)xds € D(A)

0
43
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and

(A—A) /t A R(s)z ds = /t k(t — s)e™xds — R(t)z, (4.2)
forallz € X. : 0

For further use, we quote below the following lemma which is a direct consequence of
Definition 4.1 (2).

Lemma 4.3. Let k € Li (Ry). If {R(t) }+>0 is a k-convoluted semigroup with generator

loc

A on a Banach space X, then for allt >0, R(t)X C D(A).

A k-convoluted semigroup verifies the functional equation given in the following result.

Theorem 4.4. [44, Remark 4.3 and Proposition 5.3] If { R(t) }+>0 is a k-convoluted semi-
group with generator A on a Banach space X, then for s,t > 0 and x € X we have

R()R(s)z = /t Rt 4 s — )R dr — /0 k(t+ s — )R dr. (4.3)

2. Spectral Mapping Theorem

Definition 4.5. Let X be a Banach space, and A € B(X) a closed operator. We de-
fine the point spectrum, approximate point spectrum, and residual spectrum of A

respectively, as follows:

op(A) = {XeC:ker(A — A) # {0}},
0.(A) = {AeC: (A — A)is not injective, or ran(AI — A)is not closed in X},
o.(A) = {AeC:ker(A\ — A) = {0}and ran(A\ — A) # X }.

In this section we shall prove that for a k-convoluted semigroup {R(t)}:>o whose gen-
erator A generates also a Cy-semigroup the spectral mapping theorem holds for the point,

approximate point and residual spectrum, that is, we have the following equalities:

o (R(t))U{0} = { /Ot k(t —s)e™ds: ) e o—p(A)} u {0},
(R U0} = {/Otk:(t—s)e’\s ds: A\ e aa(A)} {01,
o (R(1) U{0} = {/Otk(t—s)eASds e O—T(A)} {0},

In the sequel, we consider the following characterization of o,(A).
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Lemma 4.6. [30, Lemma 4.1.9] For a closed operator A : D(A) C X — X, and a number
X € C, one has A € a,(A), if and only if, there exists a sequence {x,}nen C D(A), such that

|zn]| =1 and lim ||Ax, — Ax,| = 0.
n—oo

From [65, Theorems 5.3 and 5.5-5.7], we have the following result.

Lemma 4.7. Let {R(t) }+>0 be a k-convoluted semigroup with generator A on a Banach

space X. Then, we have
t
o(R(t))U{0} D { / k(t —s)eMds: )\ e O’(A)} u {0},
0
and the following inclusions hold:

o,(R(t))U{0} 2 { /Ot k(t—s)e™ds: )€ o, u{0}

<A>}
CONUIERY| Rt - s)eds A € 4} u o)

Moreover, if A is densely defined, then

o-(R(t))u{0} D {/Otk(t —s)eMds: N e UT(A)} U {0}.

(4.4)

(4.5)

(4.6)

(4.7)

Lemma 4.8. Let A be a closed linear operator with p(A) # 0, k € CYR,), and let
{R(t)}+>0 be a k-convoluted semigroup generated by A. If {xn}neny C X is a bounded sequence

such that R(\, A)z,, — 0 for X\ € p(A), then R*(t)x, — 0 for all t > 0.

PROOF. By (4.1), we have

()\—A)/OtR(r)xdr:)\/OtR(r)wdr—R(t)x+(1*k)(t)x, re X, t>0.

Observe that the operator 77 : X — X defined by
t
Ti(t)x .= (AN —A) / k(t —r)R(r)z dr,
0
is bounded for each x € X. In fact, by integration by parts, we obtain

Ti(t)x = A /t k(t —r)R(r)zdr — A/t k(t —r)R(r)z dr

r=t

r=0

= /\/0 k(t —r)R(r)xzdr — A((l * R)(r)k(t —r)

= )\/0 k(t —r)R(r)zdr — A(1 % R)(t)k(0)z — /0 K'(t —r)A(l* R)(r)zdr

+/Otk'(t—r)(1*R)(r)xdr>
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t
= A/ k(t —r)R(r)zdr — k(0)R(t)x + k(t)(1 x k)(t)x
0

_/0 ]{;/(t—T)R(T)IdT—l-/O K'(t—7r)(1xk)(r)xdr,

where we have used (4.1) in the last identity. Hence, it shows that 7} is a bounded operator.

Similarly, the operator Ty(-), 75(+) : X — X defined by

Lh(t)x = (A—A) /t k(t+s—r)R(r)zdr, for s> 0 fixed,
T3(s)r = (A—A) /OS k(t+r)R(s —r)xzdr

= (A= A)/ k(t+s—r)R(r)xdr, fort >0 fixed,
0

for t, s > 0, are bounded operators, since in this case we obtain by using (4.1) that
t

T(t)r = N[ k(t+s—r)R(r)xdr —k(s)R(t)x + k(s)(1 x k)(t)x

S—

t

K'(t+s—r)R(r)xdr+ /t E'(t+s—7r)(1*k)(r)zdr,

S—

S

Ty(s)x = N[ k(t+r)R(s—r)xdr—k(t)R(s)r+ k(t)(1*k)(s)x

S—

— /08 K(t+r)R(s—r)zdr+ /05 K'(t+r)(1xk)(s—r)zdr
On the other hand, since k' is continuous on R, we get that
Tz (A—A) (/t+$ k(t+s—r)R(r)zdr — /S E(t+s—r)R(r)x dr), re X, (4.8)
t 0
is a bounded operator on X because (4.8) can be written as
Ti(t+ s)x — Ta(t)r — T3(s)x, =€ X.

We notice that (4.8) is precisely (A — A)R(s)R(t)z by Theorem 4.4, and therefore, since
R(t) commutes with A, it follows that if R(\, A)z,, — 0, then R(s)R(t)z,, — 0. O

Lemma 4.9. Let {R(t)}i>0 be a k-convoluted semigroup with generator A. Then, for
p#0 and any to > 0, A is bounded on ker(R(ty) — p1).

PROOF. The closed subspace K := ker(R(ty)— ) is both R(t) and A invariant, so we may
restrict this family to K. By the Corollary 4.3, we have R(\, A)K = D(A|k) = R(to) K = K.
We need to show that there exists ¢ > 0 such that for all z € K we have |[R(\, A)z| >

c|lz||. Suppose that this is not true, and there is a norm one sequence {z,} C K such
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that R(\, A)x, — 0. By Lemma 4.8 we have R?*(t)z,, — 0 for all ¢ > 0, which contradicts
(R(to) — u)x,, — 0. Therefore, there is ¢ > 0 such that

IR, A)zl| = el @€ K, (4.9)

Now, we claim that R(\, A) ker(R(to) — p) is closed. For this, we consider x € R(\, A)K,
then there exists a sequence {z,} C K such that R(\, A)z, — . From (4.9) we have

1
2 = 2l < <IIROA)z = RO Az

which goes to 0 as i,j — oo, thus {z,} is a Cauchy sequence, and so there exists zy € K

such that z, — zy. Then, we have

IR\, A)zg — || = [[R(A, A)zo — R(N, A)z + R(A, A)zy, — 2|
< RO, A)zo = R(A, A)z || + [[R(A, A)zn — 2|
< RO A)llllzo = 2ull + [1ROA, A)zn — 2],

and taking n — oo, we obtain R(\, A)zg = x, therefore R(\, A) ker(R(to) — u) is closed, and
so R(A, A) is surjective. Hence, for z in K, y = R(\, A)z and from (4.9) we get

[yl = el (AT = A)yll = cllhy — Ayl
which implies
[Ayll = [[Ay — Ay + Ayl < [[Ay — Ayl + [[ Ayl
Therefore, [|Az|| < (|A] + 2)||z||, concluding the proof. O

We notice that in the following result, we have the spectral mapping theorem for the

point spectrum without the assumption that A generates also a Cy-semigroup.

Theorem 4.10. For {R(t)}:+>0 a k-convoluted semigroup with generator A, we have

o, (R(t)) U {0} = { /0 k(t —s)eMds: )\ e ap(A)} U{0}. (4.10)

ProoOF. The DO inclusion holds by Lemma 4.7.

To obtain the C inclusion, let p € o,(R(to)) \ {0} C o(R(t)) \ {0}, and set K =
ker(R(to)—u). By the proof of Lemma 4.9, we can restrict R(t) to K = ker(R(ty)—p); also, we
have that A|k is bounded on K. Hence, A|x has a nonempty spectrum. Take v € o(A|x). We
also have that o(R(to)|x) = {1}, so by (4.4) we have foto k(to — s)e’*ds € a(R(ty)|x) = {1},

and therefore

to
= / k(ty — s)e”* ds.
0
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Let 0 # zp € K. From the identity (4.2) and evaluating at A = v we have
to to
(v — A)/ "0 R(to)xods = / k(ty — s)e”xods — R(to)xo

0 0

to

= / k(to — s)e”*xods — pxg
0
= 0,
to
therefore v € 0,(A) and thus p € {/ k(to — s)eMds: ) e ap(A)}. O
0

Remark 4.11. We can obtain an alternative proof of (4.10) (see [28, Theorem 2.6]),
without considering equation (4.2), as follows: we define an analytic function f : o(A|x) — C

as
to
A / k(ty — s)e™* ds.
0
Since A is bounded, we have o(A|x) C B(0, ||A|x||), where
B0, [Alx[)) = {z € X« lz]| < [[Alx ]},

and thus f is defined over a compact subset of C. Hence, by properties of analytic functions,

o(Alk) is a finite set of isolated points. Moreover, for x € K we have

to
R(to)’KI = pr = / k(to — s)e” x ds.
0

By the spectral theorem, we only need to prove that g(\) = f(\) — p has a zero of finite
multiplicity at A = v. For this, by differentiation we get

g"(A) =g(N) + Ag'(A) +

and, as 1 # 0, we conclude that at least one of ¢'(v), ¢”(v) is not zero. Hence, the multiplicity

of the zero of g at A = v is at most two, and, we have:

A2R(N), h(0) £ 0, v =0
g(A) = {
(A — )h(\), h(v) £ 0, v 0.

We conclude that v € 0,(A).

Theorem 4.12. For {R(t)}:>0 a k-convoluted semigroup on a Banach space X whose

generator A generates a Cy-semigroup, we have

ou(R(t) U {0} = {/O k(t — s)e*ds: ) e aa(A)} U {0}. (4.11)
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PROOF. Since A generates a Cp-semigroup, we can follow the construction in [73, A-I,
Section 3.6]. For ¢ty > 0 fixed and p € o,(R(tp)), let

m(X) = {{xn}neN : Slip ||an < OO};
p(X) = {{an} € m(X): (R(ts) - p)an — 0},
D(Ay) = {{RO\ A)zn} s {z,} € p(X)},

where in m(X) we have ||z,||mx) = sup, ||z,||x. Because of the resolvent equation, the last
set is independent of A € p(A). Also, set

Ri(t){zn} = {R()zn} for {z,} € p(X),
A{z,} = {Ax,} for{z,} € D(A4);

we have that p(X) is both R;(t)-invariant and Aj-invariant; also, we note that R;(¢) is

uniformly continuous because of the uniform continuity of R(¢). Thus, we have
[R1(E{zn} o) = sup [[R@)zallx,  [[R(E)znllx < [RE)]5ex) sup [|2n]|x,

therefore, || Ri(t)|spx)) < [|[R()|sx) and Ry(t) is exponentially bounded. Moreover, as a
consequence of the definition, the resolvent equation holds for Ry(t). Consequently, R;(t) is
a k-convoluted semigroup with generator A;. Moreover, for {z, } such that (R(ty) —p)z, — 0
on X, we take {z,}, = {zn+,} and we obtain (R (to) — u)(z,), — 0 as r — oo on p(X), and
1 € oa(Ra(to)).
Next, we take
F={{z,} €p(X):2, > 00n X}

and let ¢(X) = p(X)/F; so, F'is Ry(t)-invariant. We have to show that F'is A;-invariant and
closed in p(X). Let {z,} € D(A;) with 2, = 0 on X. We have that R(\, A)A is a bounded
operator on X and, as A;{z,} € p(X) and the fact that A and R(f) commute, we obtain
R\, A)Azx, — 0 and (R(to) — u)Azx, — 0 on X, and therefore Az, — 0 on X, obtaining the
first part of the claim. Now, let {z,}, € F with {z,}, — {z,} on p(E); we want to show
that x, — 0 on X. In fact, for arbitrary € > 0, let r. and n. such that

sup ||(zn)r — @n||x < €/2 for r > r,
[(@n)rl|x <€/2  forn>n,,

and thus ||z,|x < €, obtaining the second part of the claim.
Therefore, for {Z,} = {z,}/F, we have Ry(t){Z,} = Ri(t){Z,,} and A {Z,} = A{Zn}

which means that Ry (t) is a k-convoluted semigroup with generator A;. Moreover, if (Ry(t)—
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) {x,}r — 0 asr — oo on p(X), then (/va(t) — ) {z,} — 0 on ¢(X), and by Theorem 4.10,
there exist \ € Up(g) and {7} # 0 such that (A — A;){7,} — 0: hence, (A — A)y, — 0 on
X. Also, [[{#n}llex) # 0, which implies that there is a subsequence {y,,} on X and ¢ > 0

such that ||y,,||x > ¢ for all s and thus A € 0,(A), concluding the proof. O

For a Banach space X, we define the sun dual of X by X® := mX/. If Ais a closed
and linear operator defined on X we define A® as the part of A’ in X®, where A’ denotes the
adjoint operator of A. Let {R(t)}:>o be a k-convoluted semigroup generated by A, and we
denote its dual by { R(t)'}+>0. Since that in general, { R(t)'}+>o may not be strongly continuous
on X', we restrict it to X© to obtain a strongly continuous family { R®(t)};>¢ called the sun
dual resolvent family, which is defined by R®(t) = R(t)'|xe,t > 0.

By the Hahn-Banach theorem, we recall that o,(A) = 0,(A’), provided the adjoint A" of
A is well defined, i.e. A is densely defined.

Theorem 4.13. For {R(t)}i>0 a k-convoluted semigroup on a Banach space X such that
|R(t)|| < M(1%Ek)(t) and whose generator A generates a Cy-semigroup, we have

o (R(t)) U {0} = {/0 k(t — s)eMds: )\ e MA)} U {0} (4.12)

PROOF. By hypothesis over A, this operator is densely defined, and so we may apply
[65, Theorem 4.1] to obtain that the sun dual operator R(#)® is strongly continuous with
generator A®. Moreover, by definition of the sun dual, R(#)® = R(t)’!XG, where R(t)’
denotes the dual of R(t), and by [65, Proposition 5.1], we have o,(R(t)®) = 0,(R(t)") and
0,(A%) = 0,(4’), where A’ denotes the adjoint operator of A. Now, p € o,(R(t)) \ {0}
implies 1 € 0,(R(ty)") \ {0}, and by Theorem 4.10, there exists A € 0,(A’) = 0,(A) such that

to
= / k(to — s)e™ ds,
0
concluding the proof. O

Remark 4.14. We notice that if A generates a k-convoluted semigroup {R(t)}:>o on a
Banach space X and A has dense domain in X, then the Theorem 4.13 is also true without

the assumption that A is the generator of a Cy-semigroup.



CHAPTER 5

Abstract cosine and sine functions on time scales

Abstract cosine and sine functions defined on a Banach space, are useful tools in the study
of wide classes of abstract evolution equations. In this Chapter, we introduce a definition of
cosine and sine functions on time scales, which unify the continuous, discrete and cases which
are between these ones, by means of using Laplace transforms on time scales. This approach
is much more general and encompasses all time scales Ty satisfying 0 € Ty and sup Ty = +oc.
Further, using such approach, we are able to deal with several different types of time scales.
We study the relationship between the cosine function on time scales and its infinitesimal
generator, proving several properties concerning it. Next, we prove several properties of the
time scales which have the semigroup property and show how it is restrictive. More precisely,
we prove that a definition by means of the functional equation is not possible for a wide class
of time scales (see Lemma 5.23), and for a wide class of graininess functions (see Theorem
5.29). For instance, the obtained results to this type of problem would be very restrictive, and
it would not include hybrid time scales. Moreover, it would not include even the quantum
scale, which has several applications in quantum physics. Also, we study the sine functions
on time scales, presenting their main properties. Finally, we apply our theory to study the

homogeneous and inhomogeneous abstract Cauchy problem on time scales in Banach spaces.

1. Laplace transform on time scales

Let Ty be a time scale such that 0 € T and sup Ty = +oo, and let us denote by T§ =
To NRy. Also, note that if A € R is constant, then ©X € R and egy(t,0) is well defined on
Ty (see [17]). Now, we recall the notion of Laplace transform on time scales and we present

important properties which will be essential to our purposes.

Definition 5.1. Assume z : Tp — R is a regulated function. Then, the Laplace trans-

form on time scales of x is defined by

F(\) = L{z}()) = /0 e (t)en, (.0 At,

51
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for A € D{z}, where

D{z} = {)\ eC: /000 x(t)eZ,(t,0) At exists}.

Theorem 5.2. [17, Theorem 3.84] Assume f and g are requlated functions on Ty, and

a and B are constants. Then

Loz + fyy(A) = aL{z} () + BL{YA)
for A € D{xz} N D{y}.

Theorem 5.3. [17, Lemma 3.85] If A € C is regressive, then

7, (1,0) = 1€@+A;(j( (;l _ —(@AA)(“ eon(t, 0).

Theorem 5.4. [41, Theorem 3.12] Let f : Ty — X be an rd-continuous and delta-
differentiable function. If X € C is such that

lim f()ecx(t,0) =0

~

when Re,(N)(t) > 0 for allt € T§ and j/"z()\) exists, then f()\) exists and J/‘"Z()\) =Af(\) —
£(0).

Corollary 5.5. [41, Corollary 3.13] Let f € C,a(T§, X) and F(t) = [, f(s) As. Let A €
C\ {0} for allt € T§ such that ]/”\()\) exists and 1tlirn f(t)ear(t,0) = O then F(\) = ( )/ A
—00

In the sequel, we recall the notion of strongly rd-continuous functions, and Cy-semigroups
on time scales and its infinitesimal generator A. We denote by B(X) the space consisting
of all bounded operators from X into itself, endowed with the strong topology. See [41] for

more details.

Definition 5.6. A function T : Ty — B(X) is strongly rd-continuous if one of the
following conditions are satisfied:
(1) If 0 is right-dense, then ||7'(t)z — z|| — 0 as t — 0.
(2) If 0 is right-scattered, then ||7(0)z — z|| = 0.

Definition 5.7. We say that T': T; — B(X) is a Cy-semigroup with infinitesimal

generator A if the following conditions are satisfied:

(1) T(0) = I, and for every x € X, the function ¢ — T'(t)x is strongly rd-continuous.
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(2) There exists Ag such that (Ag, 00)r C p(A4), A € D{T'}, and

Tz = / e\ (LT (B At = (A— A) 'z, € X,
0
for all Re,(A\)(t) > X\ and ¢ € T .

Definition 5.8. Given an abstract Cy-semigroup 7' : T¢ — B(X) on time scales, we

define the infinitesimal generator A by means of:

T(t)x —
reX: ,lfh% Wz -z exists, if 0 is right-dense
_>
D(A) =
0z —
reX: M exists, if 0 is right-scattered
1(0)
and
T _
lim () x7 if 0 is right-dense
t—0
Ax =
T _
((0)) :z:, if 0 is right-scattered
1(0)

In what follows, we present some properties of abstract Cy-semigroups on time scales.

Theorem 5.9. [41, Theorem 3.15| Let A be a closed linear operator in X, and f,g €
L} (Tg, X) such that w € D{f} N D{g}. Then, the following assertions are equivalent:

(1) f(t) € D(A) and Af(t) = g(t) a.e. on Tg.

(2) fA()\) € D(A) and A]/t\()\) = g(A\) whenever Re,(\)(t) > Re,(w)(t) for all t € Ty .
Theorem 5.10. [41, Corollary 3.16] Let A be a linear operator in X with nonempty
resolvent set, and let T'(t) € B(X). The following assertions are equivalent:
(1) A=A)IT@#)=T{#)(N— A)~! for all X € p(A).
(2) A=A)7IT{t) =T@t) N — A~ for some X € p(A).
(3) For all x € D(A), T(t)x € D(A) and AT (t)x = T(t)Ax.

T
T

Theorem 5.11. [41, Theorem 4.9] Let T' be a Cy-semigroup with infinitesimal generator
A. Let Re,(c)(t) € D{T} for everyt € T§. Then, the following conditions hold:
(1) Let B € B(X) such that Bf()\) = T(\)B whenever Re,(N)(t) > Re,(c)(t) for every
t € T§. Then BT(t) =T(t)B for allt € T .
(2) In particular, T(t)T(s) = T(s)T'(t) for all t,s € Ty .
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2. Abstract cosine function on time scales

Let Ty be a time scale such that 0 € T and supTy = +oo, and A be a closed linear
operator in a Banach space X. In this section, our goal is to study the following abstract

Cauchy second order problem on time scales:

utB(t) = Au(t), te€Tg,
u(0) ==, (5.1)
u?(0) =y,

where x,y € X. We denote the class of functions f : T — X that are twice delta-differentiable

and the second delta-derivative is rd-continuous by C2; = C2,(T, X).

Remark 5.12. A big deal when one is studying a second-order dynamic equation on time
scales is to choose the appropriate formulation of the problem, because it is a known fact
that there are several ways to formulate a second order dynamic equation on time scales. For

instance, a very usual way to define the problem (5.1) is through the following formulation:

utA(t) = Auc(t), teTq,
u(0) ==, (5.2)
ut(0) =y,

but we will show here that this formulation is not appropriate in the case of abstract co-
sine function on time scales (see Remark 5.17). Moreover, if we look into the definition of
hyperbolic cosine and sine functions, and cosine and sine functions, they are considered by
problem with a formulation similar to the equation (5.1), not using the one described by
equation (5.2) (see [17]). Therefore, the most natural is to consider the problem using the
formulation (5.1) instead of (5.2), since here we are interested in the study of abstract cosine
and sine functions on time scales. Also, another natural question which appears when we are
dealing with second order dynamic equations on time scales concerns about the possibility
to consider the problem using nabla and delta derivatives, instead of only delta-derivatives

or only nabla-derivatives. In this case, our problem would have the following formulation
uVA(t) = Au°(t), teTgF,
w(0) =, (5.3)
uV(0) =y.
The formulation given by equation (5.3) is not appropriate in our case again, because the

well-known property described in Corollary 5.5 does not remain true if we define F(t) =
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t t
/ f(s) Vs instead of F(t) = / f(s) As. This fact makes that the usual and classical pro-
0 0

perties of abstract cosine function on time scales do not coincide in the case T = R, which
is not interesting for our purpose of generalization and extension of the continuous, discrete,
hybrid results, among others. Finally, the other motivation for not to consider the equation
(5.1) follows from the fact that neither the hyperbolic cosine and sine on time scales, nor
cosine and sine functions on time scales are considered through equations of this type. See
[17], for details.

Definition 5.13. A classical solution is a function u € C%,(Tg, X) such that u(t) €
D(A) for every t € T and satisfies the problem (5.1).

In the sequel, we introduce a more general definition of the solution for the problem (5.1).
Definition 5.14. A mild solution is a function u € C,4(T¢, X) such that
/t /s u(r) Ar As = /t(t —o(s))u(s) As € D(A)
0 Jo 0
and for all t € Ty,
u(t) =x +ty + A/Ot(t —o(s))u(s) As. (5.4)

In what follows, we present a strong connection between a mild solution and a classical

solution of the problem (5.1).

Theorem 5.15. A mild solution u of the problem (5.1) is a classical solution if, and only
if, u € C% (T, X).

PROOF. If u is a classical solution of (5.1), then by the definition, it follows directly that
u € C%(Tg, X), obtaining the desired result. Conversely, assume that u € C%,(T¢, X) is a
mild solution of (5.1) and let ¢t € T{. Integrating and applying the Fundamental Theorem
of Calculus for A-integrals [18, Theorem 5.34] in the equation (5.1), we have

ut(t) —y = A/Ot u(s) As, (5.5)

and then, integrating and applying [18, Theorem 5.34] again in (5.5), we obtain

ut)—z—ty = A/Ot/osu(r)ArAs

t t
= A// u(r) As Ar
0 Jo(r)
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_ A /0 (t — o (r))u(r) Ar,

where in the second equality, we use the change of order of integration (see [16] for details),

concluding the proof. O

Now, we present a result which brings an important property of a mild solution of (5.1).

Theorem 5.16. Let u € C.q(T§, X), w € D{u}. Assume that X\ € C is such that

¢
lim u(t)esa(t,0) = 0, tlim eanl(t, 0)/ u(s) As =0, (5.6)
—00 0

t—o00
for every A with Re,(\)(t) > Re,(w)(t) for all t € T§. Then, u is a mild solution of (5.1)
if, and only if,
u(\) € D(A) and Az +y = (N — A)u(\).
for all X which satisfies (5.6).

t

¢
PROOF. Define v(t) := / u(s) As and w(t) = / v(s) As, for every t € Ty. Therefore,
0 0
by hypothesis and by Corollary 5.5, we get

It implies that

~ u(A
w(A) = ;2)
On the other hand, we have
u(}) * e '
SVE /0 ee)\(t,O)/O v(s) As At. (5.7)
Then, by hypothesis and by Theorem 5.9, we get

o) :/Ome”@A(t,o)/o o(s) As At € D(A).

Also, if u is a mild solution of (5.1) and applying Theorem 5.9 again, we have

u(\) = / eZ\(t,0)u(t) At
0
= / e‘é)\(t,O)a:At—l—/ eg(t,0)ty At
0 0

+A /000 eg/\(t,())/o (t —o(s))u(s) As At. (5.8)
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Now, note that by properties of the exponential function (Theorem 1.18 and Lemma 1.19),

o o < oA 1 t——+o00 €T
/0 e@/\(t,O)xAt:/O —Teek(t,O)xAt: —X(ee,\(t,())x)t:(;r =3 (5.9)
Next, using integration by parts (Theorem 1.11), we have
/ e \(t,0)ty At = / —@—eek(t,O)tyAt = / ——e5,(t,0)ty At
0 0 A 0 A
1 o 1 [
= _X(e@)\<t7 O)ty):(;L + X/o ega(t, 0)y At
1 [~ oA
= — | —=Zeoi(t,0)y At
)\/0 \ ean(t,0)y
1 t—+o00 Yy
= —ﬁ(e@,\(t,O)y)t:O = 17 (5.10)
Finally, we have
o] t
A/ e‘é/\(t,O)/(t—s)u(s)AsAt = / eZ\(t,0) // r)VrAs At
0 0
= / e@)\tO/ v(s) As At
u(A
= A )\2 . (5.11)
Combining (5.8) with (5.9), (5.10) and (5.11), we get
~ y o, 4u)
obtaining the result. To prove the converse, we follow the same idea. O

Remark 5.17. If we consider equation (5.2) instead of (5.1) then we do not get the
equation (5.12), but we obtain

—~

) = X + % +A A@. (5.13)

In the case of T = Z using this property u?(\) = A(@(A\) — u(0)), (by [17, p. 122]) we have

) L 2y AN —u0)
— (]—A)§+%+A<a(;\)).

Therefore, if y = 0, then we have

(A= A)u() = (I = A)z,
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hence U(\) = (A — A)"1(I — A)x instead of u(\) = (\* — A)~'z, which is the expected
solution to the second order Cauchy problem. Thus, it does not make sense to consider the

formulation of the problem by equation (5.2).
As an immediate consequence, we have the following result.

Corollary 5.18. Let u € Coq(Tg, X), w € D{u} and suppose that the conditions (5.6)
hold for every A\ with Re,(\)(t) > Re,(w)(t) for all t € T§. Then, u is a mild solution of
the problem (5.1), if and only if,

(N € D(A) and G(\) = A\ — A) "tz + (N2 — A)7ly. (5.14)

Now, let us present the definition of cosine function on time scales. From now on, we

assume u € C.q(Tg, X), w € D{u}, and Re,(\)(t) > Re,(w)(t).

Definition 5.19. We say that a strongly rd-continuous function C' : Ty — B(X) is a
cosine function with infinitestimal generator A if the following condition is satisfied:
there exists w such that (w,00)y C p(A), \* € D{C}, and

~

E\)z = / 2\ (L 0)C(a A = AN — A) e, e X,
0
for all Re,(\?)(t) > w and t € Ty.

Next, we present some fundamental properties of a cosine function C' on time scales, and

their relations with the generator A.

Proposition 5.20. Let C : Tg — B(X) be a cosine function on X and let A be its
generator. Then the following assertions hold:

a) [ (t —o(s))C(s)xAs € D(A) and A [)(t — o(s))C(s)z As = C(t)x — x for all
reX,teTy.

b) Let x € D(A), Re,(c)(t) € D{C} and suppose Aa(/\) = C(\)A when
Re,(A?)(t) > Re,(c)(t), then C(t)x € D(A) and AC(t)x = C(t)Ax for all t € Ty .

c) Let x,y € X, then v € D(A) and Ax =y if, and only if, fot(t —0(s))C(s)y As =
C(t)x —x for allt € Tg.

d) If 0 is right-dense, then D(A) = {x € X: lim Az — )

h—0t h?

exists}, and

Ap = fim A€z —2)

h—0*+ h?
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e) If 0 and o(0) are right-scattered, then

- (@) = CleO))e  (CO) = Clo@))a
D(A) = {w e X e + oL Il - defined |,
and
Ay — (C(a(a(0))) — C(a(0)))z  (C(0) — C(O’(O)))J;‘

1(e(0))7:(0) " 1(0)2

) If 0 is right-scattered and o(0) is right-dense, then

B o (Cla(0) +h) = C(a(0)z  (C(0) = C(a(0)x
D(A) = {x € X: hll>r(1;1+ OV + 1(0) ex1sts}
and
iy (C(0(0) +h) — Clo(0)))x (C(0) - C(a(0))a
Ar= W0 )
PROOF. a) Let A € C such that the condition (5.6) is satisfied, Re,(\)(t) >

Re,(c)(t) and Re,(A?)(t) > Re,(c)(t) for all t € T{. Considering y = 0 in the
equation (5.14), it follows by the definition of the abstract cosine function that C
satisfies the equation (5.14). Then by Corollary 5.18, it follows that C' is a mild
solution of (5.1) for y = 0. Therefore, the result follows by applying the definition

of a mild solution.

b) For x € X and Re,(\)(t) > Re,(c)(t) for t € Ty, we have

/ e (L0)C() Az At = (N Az = AC(\)z = / e (1 0)AC (12 A,

which implies by the uniqueness of Laplace transform [41, Theorem 3.14], that
AC(t)x C( )Ax for allt€T+

c) Define C(t fo s) Vs, and also Cy(t) fo C1(s) As. Let A € C such that the
condition (5.6) is satlsﬁed, Re,(A)(t) > Reu( c)(t) and Re,(A?)(t) > Re,(c)(t) for

all t € T¢. By hypothesis and by Corollary 5.5, we get:
_ CN = Ci(A . C(A
G- S0 Gy T G-I

Assume that fot(t —0(s))C(s)y As = C(t)x — x. Using Laplace transform, we get

[Tewo [e-etncoasar = [Taao [ [ cwparssa
= /Oooeaex(tao)/o C1(s)y As At

= [T ocopar
0

(5.15)
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_ %()\2 — A)y, (5.16)

by (5.15) and the definition of cosine function. On the other hand, applying again
the definition of cosine function and using (5.9), we have

x

\

which implies, by (5.16) and by the uniqueness of the Laplace transform [41, Theo-
rem 3.14],

/ e, (10) (O — ) At = AN — A) o

— AN —A) e

(N = A) "y X

N—A Ty = XN -A'r—2

NN —-A) Ty = N=ANN-A) 2 - (N - A
Y

= Mo - (\V—-Agz = Az

> =

for Re,(A\?)(t) > Re,(w)(t), proving the first part of the claim.
Conversely, let z,y € X be such that x € D(A) and Az = y. Notice that

ACNz = ANMN —A) 'z = AW —A) Az = AA2 = A) Yy
- / e (1 0)C()y At = / e, (L0)C()Ax Al = C(N)Ax,
0 0
and by part a), we have

Cr—z = A /0 (t— o()C () As = /0 (t — o(s))AC(5)z As
_ /0 (t— o(s))C(s) Az As = /0 (t — o(s))C(s)y As

where we used assertion b).
d) Let z € D(A) and Az = y. From assertion c), it follows that

%(C(t)x—x} —y = t% i (t—0o(s)C(s)yAs —y (5.17)
= & [ @=atn(CE—y) as

Since 0 is right-dense, then it is possible to find a sequence {8,} C T¢ such that
0p — 0T as n — oo. Since o is rd-continuous and 0 is right-dense, it follows that
lim,, o 0(0,) = 0(0) = 0. Hence, by (5.17) and by applying L’Hopital, we have

2(C(a(dn))x — ) . 2

P LA AW =

o(n)
/0 (0(6.) — 0(5)(C(s)y — y) As
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on
- 1m.@£594 (0(6,) — o())(C(s)y — y) As

o(6n)
b 2 [ 000 — o)l - ) A

— lim —(0(8,) — o(6.))(C(o(62)y — 1)

n——+00 U(5n)

+ M s (0(0,) = a(3,))(C0.)y — 1))

= 0.
Therefore,

2
Jim E(C(t)x —xz)=y. (5.18)
Conversely, let z,y € X be such that (5.18) holds. From part a), we have

2 [t 2
At_2 (t—s)C(s)xAs:t—Q(C(t)x—x) —y ast— 0T,
0
Therefore, by (5.18) and since A is closed, it follows that z € D(A) and Az = y.

e) Let x € D(A), and Ax = y. From assertion c), it follows that

(Cla(0(0))) — C(0(0))) L (€(0) = C(a(0))

1(c(0))p(0) 1(0)?
o(o(0)) +(0)
- u(a(Ol))u(O) [ /0 (0(0(0)) = o(s))Cls)y As — /0 (0(0) = a(s))C(s)y As
a(0)
v [ (@O =l As
1 o(0) o(0(0))
~ u(e(0))u(0) [/0 (0(c(0)) —o(s))C(s)y As + /U(o) (0(a(0)) —a(s))C(s)y As

B uwm$wm[““@”—UWDM®C@M+Idd®»—ddm»uwmwcwm»y
Mwm;Mmawm—am»mmcww]

o))

proving the claim.
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Conversely, let z,y € X be such that

(Cla(0(0))) — C(a(0))) L (€(0) = C(a(0)))

plo(0))u(0) plop—
From part a), we have
i [ [ etoo) —ancemas— [ o0 -t as
p(e(0))p(0) | Jo 0

o(0)
A / (0(0) — 0())C(s)y As

1
p(0
_ (Cla(a(0) = C(a(0))z | (C(0) = C(a(0))x

#(0(0))1(0) p(0)?
getting the desired result. Therefore, x € D(A) and Az = y.
f) Let x € D(A), and Az = y. From part c¢) and using Theorem 1.11 (citar), it follows

=Y,

that
C(o(0) + %); Cla(0)z u((l))h (C(o(0) + )z —z— Clo(O))a + )

o(0)+h
_ @ (/0 (0(0) + h — 0(s))C(s)y As

o(0) o(0)+h
RO ( /0 hC(s)y As + /U o (0(0) + h — o(s))C(s)y As)
1 o(0)+h
= o (hu(O)C(O)y + /0(0) (0(0) + h—o(s))C(s)y AS)

(] ::;Hh(a(m = o))y s ).

from which, applying limit when » — 0" and using L’Hopital theorem, we get
C(a(0) + h)x — C(o(0))x

li = i
B0 w(0)h B0

o(0)+h
y+ / (0(0)+h —0(s)C(s)y As
o(0)

) 1
= v+ lim (o 0) +h = oo (0)C(0)y

) 1
= y+ lim W("(m +h—0(0))C(a(0))y

. 1
= y—khligl+ th(U(O))y = v, (5.19)



3. TIME SCALES WITH THE SEMIGROUP PROPERTY 63

since ¢(0) is right-dense. On the other hand, we get

o B " o(0)

(o <o/1><0)20<o>> _ —ﬁ / (9(0) — o (s)Cs)y As
_ u(inz(”“” 7 (0)u(O)C(O)y
= 0.

Therefore, we have

L (Co(0) + 1) = Clo(0)

A, MOL O (5-20)

obtaining the result. Conversely, suppose that x,y satisfy (5.20). From part a), we

have

A [ﬁ ( /00(0) hC(s)y As + /U:)O)M(U(O) +h—0(s))C(s)y As)

1 o(0)
A [W / (0(0) — 0(5))C(s)y As

_ (@) +h) = Cla(0)z  (C(0) = C(a(0)x +
= O + 0) —y ast—0".

Therefore, by (5.19) and since A is closed, it follows that x € D(A) and Az = v. O

Remark 5.21. Notice that the Theorem 5.16 describes all the possibilities for the defi-
nition of the generator A, since the case where 0 is right-dense and ¢(0) is right-scattered at
the same time is not possible. Indeed, if 0 is right-dense, then ¢(0) = 0 and, therefore, o(0)
has to be right-dense.

3. Time scales with the semigroup property

In this section, let us show that to require that the time scales have the group property
restricts a lot the class of time scales, which we can deal.

Among others, we will prove in this section that if the time scale has the group property,
then it cannot be hybrid for instance, because the only possibilities for the time scale with
this property are to have only right-dense points or to have only right-scattered points. Also,

in this section, we show that if 0 is right-dense, then the unique possibility for T is R.
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Notice that the classical definition of cosine function is very strong and restrictive by

means of the theory of time scales. More precisely, the abstract cosine function is defined by:

{ 20(t)C(s) =C(t+s)+C(t—s), t,sER, (5.21)

) =1,

Notice that if we define the cosine functions on time scales as (5.21), then in order to
ensure that the abstract cosine function is well defined, it is necessary to require that the
time scale has the group property, which means that the following conditions are satisfied:

(1) 0T,
(2) Ifa,be T, thena—beT.
These properties on the time scales are too strong and restricts the class of time scales

as we will see in the next results.
Theorem 5.22. If T has the group property, then for every a,b € T, we have a+b € T.

PRrROOF. In fact, since 0 € T and a,b € T implies that a—b € T. Then, clearly —a,—b € T
and therefore, a — (—=b) = a+ b € T. O

Theorem 5.23. If T has the group property, then every point in T is right-dense or every

point in T s right-scattered.

PROOF. Suppose that there exist a,b € T such that a is right-dense and b is right-
scattered. Since a is right-dense, there exists a sequence {t,} C T such that ¢, — a™ as
n — oo. It implies that the sequence s, := t, —a € T for each n € N and converges to
zero. Therefore, s, +b € T for each n € N and converges to bt as n — oco. Therefore, b is
right-dense, which is a contradiction, proving the Theorem. 0

Notice that the last property is very restrictive. For example, it shows that time scales
+o0

which fulfill the group property cannot be hybrid. It excludes the time scale T = U lag, bk,

k=—o0
for ap < by for each k € 7Z, which is very important to study population models, for instance.

See [17], [23], for more details.
Lemma 5.24. If T has the group property, and there exists 0 # a € T, then

sup T = 400 and inf T = —o0.

Proor. It follows directly from the definition. U
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Remark 5.25. Notice that if T has the group property and a # 0 € T is right-dense,
then by Theorem 5.23 and Lemma 5.24, we have that T = R.

In the sequel, we prove a property of the forward jump operator when T has the group

property.
Theorem 5.26. Suppose that T has the group property. Then
ola+b)=0c(a)+b and o(a+0b)=0(b)+a (5.22)
for every a,b € T.

ProOOF. If a is right-dense, then by Theorem 5.23, a+b is also right-dense. Therefore, the
equality (5.22) follows. If a is right-scattered, then a + b is also right-scattered by Theorem
5.23. Also, notice that

a+b<o(a)+b (5.23)

and o(a) +b € T. Then, we have

o(a+b) <o(a)+0, (5.24)
by (5.23) and by the definition of the forward jump operator. On the other hand, notice that

a=a+b—b<o(a+b)—0. (5.25)

Since o(a+b) —b e T, o(a) < o(a+b) — b by (5.25). Therefore, we have

o(a) +b<o(a+b). (5.26)
Combining (5.24) and (5.26), we get

ola+b) =0c(a)+0,
concluding the result. The other equality is proved analogously. O

Analogously, we prove the equality p(a + b) = p(b) + a, for every a,b € T, whenever T
has the group property. By the results above, we conclude that the graininess function is

constant.

Corollary 5.27. Suppose that T has the group property, then for every a,b € T, we have
p(a) = p(b).
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ProOOF. By Lemma 5.26, we have:
ola+b)=o0c(a)+b=0c(b) +a.

Therefore,

obtaining the result. 0

The next result follows the same way as Corollary 5.27. Therefore, we omit its proof.

Corollary 5.28. Suppose T has the group property, then for every a,b € T, we have
v(a) =v(b).

Finally, we prove a property of exponential function on time scales when T has the

semigroup property.

Theorem 5.29. Let T be a time scale with the group property. If p € R is constant,
then:
ep(t +a,a) =ey(t,0), forallt,aeT.

PRrOOF. By the definition,

t+a
ep(t +a,a) = exp (/ Euiry (D) Ar).

Let us consider two cases: if T has only right-dense points or T has only right-scattered
points. Notice that by Lemma 5.23, these are the only cases to consider. If T has only
right-dense points, then,

t+a
ep(t + a, a) = €exp (/ gu(r) (p) AT)
t+a

- exp(/a pm)

= exp(p-(t+a—a))
= exp(pt)
= ¢,(t,0).

If T has only right-scattered points, then,
t+a

ep(t +a,a) = exp </ Eury (D) Ar)
t+a

= exp(/a ﬁlog(l +pu(r))Ar)



4. ABSTRACT SINE FUNCTION ON TIME SCALES 67
Lol
= exp / ———— log(1 + pu(r + a)) Ar)
< o Wr+a)

= exp (/Ot u(lr) log(1 +pM(r))Ar)
= &(t,0),

by Corollary 5.27, achieving the result. U
Corollary 5.30. If T has the group property, and p € R is constant, then
ecp(t + a,a) = egp(t,0),
for every a,t € T.
Corollary 5.31. If T has the group property, and p € R is constant, then
eZ,(t +a,a) = el (t,0),
for every a,t € T.
PRrROOF. Notice that, by Corollaries 5.27 and 5.30,
e, (t+a,a) = (14 p(t+a)©p)ecy(t+a,a)
= (14 u(t) ©p)eep(t,0)
= eZ,(t,0),
concluding the proof. O
4. Abstract sine function on time scales

This section is devoted to study the abstract sine function on time scales.

Definition 5.32. We say that a strongly rd-continuous function S : Tg — B(X) is a
sine function with infinitesimal generator A if the following condition is satisfied:
there exists w such that (w,00)r C p(A), A\* € D{S}, and

§(/\)x = / eZ\(t,0)SHz At = (N> — A) 'z, z€X,
0
for all Re,(A\?)(t) > w and ¢ € Ty.

If A generates a cosine function C', then:

(A2 A)! = % /0 e (H0)C() At = /0 e (4,0) /0 "O(s) As A,
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for Re,(A\?)(t) > w. Thus, A generates the abstract sine function S given by S(t)z

fg C(s)x As. It implies that this definition is consistent with Definition 5.19.

Next, we establish some relations between a sine function and its generator.

Proposition 5.33. Let S : Tg — B(X) be a sine function on X and let A be its generator.

Then, the following assertions hold:

a) fot(t — 0(s))S(s)xAs € D(A) and Afg(t — 0(s))S(s)xAs = S(t)x — tz for all

re X, teTy.
b) Let x € D(A), Re,(c)(t) € D{S} and suppose that AS(A) = S(A\)A when

Re,(A?)(t) > Rey(c)(t), then, S(t)x € D(A) and AS(t)x = S(t)Ax for allt € T§.

c) Let z,y € X, then x € D(A) and Ax =y, if and only if, [,(t — 0(s))S(s)y As
S(t)x —tx for allt € Tg.

PROOF. a) Notice that the abstract sine function satisfies the equation (5.14) for
the case that x = 0. Therefore, by Corollary 5.18, we have that S(-)z is a mild

solution of the problem (5.1) when z = 0, obtaining the desired result.
b) For x € X and Re,(\)(t) > Re,(c)(t) for t € Ty, we have

~

/ o (1,0)S(H) Ax At = SO Ar = AS(\)x = / " er (1,0)AS (1) At,

which implies by the uniqueness of Laplace transform [41, Theorem 3.14], that

AS(t)x S( YAz for all t € Ty .

c) Define Sy(t) = [; S(s) Vs and Sy(t) = [ Si(s) As. By hypothesis and by Corollary

9.5, we get.
. SO - Si(A ~ S(A
Si(\) = % Sy(\) = 1§ ), and  Sy(\) = A(2>.

(5.27)

Assume that fot(t —5)S(s)y As = S(t)x — tz. Taking Laplace transform, we get

[T [u-aosomasar = [Teeo [ [ senarssa

= / e"e)\(t,O)/Sl(s)yAsAt
0 0

= [ ooy
0
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by (5.27) and by definition. Also, by definition and (5.10), we have

T

/0 T2 (6 0)(S() — tx) At = (A2 — A) e =

which implies
A2

= V=AM -A) - (V- A
= Mo - (V- Az = Az
for Re,(A?)(t) > Re,(w)(t).
Conversely, let z,y € X such that 2 € D(A) and Az = y. By part a), we have:

Stz —tr — A /0 (t— o(s))S(s)x As — /O (t — o(5))AS(s)x As
_ /O(t—a(s))S(s)AxAs - /O(t—a(s))S(s)yAs

where we used part b), finishing the proof. O

Our definitions of abstract sine and cosine functions on time scales are directly related
with the existence of mild solutions to the problem (5.1). Because of this, we now discuss

the existence of mild solutions to problem (5.1).

Theorem 5.34. Let A € B(X). Then, the problem (5.1) has a unique classical solution.
PROOF. We fix a € T¢, and define the operator T : C,4([0, a], X) — C,4([0,a], X) by
(Tu)(t) =z +ty + /t(t —o(s))u(s)As, teTg.

0

For t < a € Ty, it is not difficult to prove that I has a unique fixed point u(-), which is the

solution to (5.1). Moreover, since
t
u(t) =z + ty + / (t—o(s))u(s)As, teT§
0

for such fixed point u(-), we have that u*2(t) = Au(t) and u(0) = z. Therefore, u(-) is a

classical solution of (5.1). O

Remark 5.35. For the case p(0) = 0, the group property combined with the Lemma
5.23, show that the only time scale that satisfies such conditions is T = R (see Lemma 5.24);

consequently, C(-) is a cosine function in the classical sense. Also, this result shows what
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strong the semigroup property is. For instance, this result does not allow include the hybrid
continuous-discrete time scales such that 0 € T and 0 is right-dense, and the quantum time

scale T = ¢Z U {0}, ¢ > 1, because this time scale does not satisfy the property.

We finish this section with an example. Let us assume that A generates a cosine family
C : T — B(X) with associated sine family S : Ty — B(X), and let A € R be an eigenvalue
of A.

Example 5.36. If A € R, then
1
C(t)x = cosh 5 (t,0)x, S(t)y = 7 sinh (¢, 0)y, teTg.

Indeed, let u(t) = cosh 5(t,0)z + %sinhﬁ(t,O)y. From the definition of hyperbolic
functions on time scales [17, Definition 3.17], it is immediate that «(0) = z. Applying delta

derivative, we get
A . .
u=(t) = \/Xsmhﬁ(t,())x + cosh /(t,0)y,
and from this formula we obtain u®(0) = y. Applying delta derivative again, we get
ut(t) = Acosh (¢, 0)z + \/Xsinhﬁ(t,O)y
= Au(t).

Therefore, from the uniqueness of solutions of the problem (5.1) for the case A := A, we
conclude that u(t) = C(t)x + S(t)y, and the result is proved.

5. Inhomogeneous second order abstract Cauchy problem

In this section, we investigate the existence of solutions of the following inhomogeneous
abstract Cauchy problem on time scales:
utA(t) = Au(t) + f(t), te T,
u0) =uw, (5.28)
u?(0) =y,
where z,y € X and T§. We assume that the values u(t) € X and f : Ty — X is an

rd-continuous function. Also, we assume that A generates a cosine function C : Ty — X and

a sine function S : T§ — X, and that there exists an rd-continuous function g such that:
(V1= A)FN) = FN), A>w.

We start by introducing the definition of a mild solution of problem (5.28).



5. INHOMOGENEOUS SECOND ORDER ABSTRACT CAUCHY PROBLEM 71
Definition 5.37. We say that an rd-continuous function u : Tg — X is a mild solution

of (5.28) if

u(t) =x +ty + A/o (t—o(s))u(s) As+ /0 (t—o0(s))f(s)As (5.29)
for all t € Ty .

We restrict us to consider the operator A € B(X). In this case, for each s € Ty, we

consider the abstract Cauchy problem given by:
utB(t) = Au(t), te Ty,
u(s) =u, (5.30)
u(s) =y.
Definition 5.38. We say that an rd-continuous function u : [s,00)r — X is a mild
solution of (5.30) if

¢
u(t) =z +ty + A/ (t — o(r))u(r) Ar,
forall t > s € T].

We can show that problem (5.30) has a unique solution u(t,s) for all z,y € X. We
define C(t,s)z + S(t,s)y = u(t,s). Also, C : {(t,s) : t > s,t,s € Tg} — B(X) and
S :{(t,s):t >s,t,s € Te} — B(X) are strongly rd-continuous maps.

Theorem 5.39. Let A € B(X) and assume that f : Ty — X is an rd-continuous
function. Then, the mild solution u(t) of the problem (5.28) is given by

u(t) = C(t, to)r + S(t, to)y +/ S(t,o(r))f(r)Ar. (5.31)

to

Remark 5.40. In the following proof, we only seek the solution for the case t > t.
Hence, C(t,ty) and S(t,to) are only defined for ¢ > t5. On the other hand, by the definition

of abstract sine function, let us consider

S(t) == S(t,0) = / "O(s) As. (5.32)

Based on (5.32), we can denote it by

S(t,s) = / o) A (5.33)

By (5.33), it is clear that S(t,s) = 0 whenever ¢ = s.
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PrROOF OF THEOREM 6.35. We define the following function:

u(t) =C(t)x + S(t)y + /Ot S(t,o(r))f(r)Ar, teTg. (5.34)

On the other hand, by Proposition 5.33 a), we have

A/Ot(t—s) /OSS(S,U(T))f(r) ArAs = A/Ot/os(t—a(s))S(s,a(r))f(r) Ar As

— A/Ot /Tt(t —0(s))S(s,a(r)) f(r) As Ar
- /otA/:(t_“(5>)5<S70’(7‘))f(7*) As Ar
- /Ot (5(15, o(r)) — t)f(r) Ar —

[ (sto).07) = o10)) ) &
_ /Ot (S(t.0(r) = (t = o)) £(r) Ar. - (5.35)

where in the second equality, we used the change of order of the integration (see [16] for
details). Combining (5.34) with (5.35), and replacing in (5.29), we obtain

u(t)

T+ ty + A/o (t —o(r))u(r) Ar + /0 (t—o(r))f(r)Ar
r+ty + A/o (t—o0(s))C(s)x As+ A/O (t—o0(s))S(s)y As

+A/O (t—U(s))/OSS(S,J(T))f(r)ArAs—I—/0 (t—o(r))f(r)Ar

C(t)x+5(t)y+A/ (t—a(s))/ S(s,a(r))f(r)ArAs—l—/(t—a(r))f(r)Ar

0 0 0

Ct)x + Sty + /0 (S(t.o(r) = (= a(r)) fr) A7 + /0 (t—o(r) f(r) Ar

C(t)x+S(t)y+/0 S(t,o(r))f(r) Ar,

concluding the proof. O
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6. Nonlinear second order abstract Cauchy problem

In this section, we investigate the existence of solutions of the following nonlinear abstract
Cauchy problem on time scales
utt(t) = Au(t) + f(t,u(t), teTy,
u(0) =z, (5.36)
u?(0) =y,
where z,y € X and Tg = ToNR,. We assume that the values u(t) € X and f: Ty x X — X
is an rd-continuous function with respect to the first variable. Also, we assume that A

generates a cosine function C': T§ — X and a sine function S : Tg — X,

We start by introducing the definition of a mild solution of problem (5.36).

Definition 5.41. We say that an rd-continuous function u : T§ — X is a mild solution
of (5.36) if

u(t) =z +ty + A/O (t —o(s))u(s) As + /0 (t —o(s))f(s,u(s)) As (5.37)
for all t € Ty .

The next theorem is the main result of this section and it will be very important to
study nonlinear second order abstract Cauchy problem on time scales. The proof of the next
theorem follows very similar to the proof of Theorem 5.39, but we will repeat it here for

reader’s convenience.

Theorem 5.42. Let A € B(X) and assume that f : Tg x X — X is an rd-continuous
function. Then, the mild solution u(t) of the problem (5.36) is given by

u(t) = C(t, to)xr + S(t, to)y + /tt S(t,o(r))f(ryu(r)) Ar. (5.38)
Proor. We define the following function
u(t) :=C(t)x + S(t)y + /Ot S(t,o(r))f(r,u(r))Ar, teTg. (5.39)
On the other hand, by Proposition 5.33 a), we have

A/O(t—a(s))/o S(s,o(r))f(ryu(r)) ArAs = A/O /0 (t—0(s)S(s,0(r))f(r,u(r)) Ar As
= A —0(s))S(s,o(r r,u(r)) As Ar
|| [ ¢ oot ot st
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= / A/ (t—0(s))S(s,0(r)) f(r,u(r)) As Ar
0 o(r)
- / (St o) =) £, ulr) Ar
0
t
= [ (Sto. o)) = o) £ utr)) Ar
0

t

_ / (S(t,0() — (¢ = () ) £(r,u(r) Ar. (5.40)

0
where in the second equality, we used the change of order of the integration (see [16]).

Combining (5.39) with (5.40), and replacing in (5.37), we obtain
u(t) = x+ty+ A /Ot(t —o(r)u(r) Ar + /Ot(t —oa(r)f(ryu(r)) Ar

= oty A [ o)CE A+ A [ (1= oS As
+A /Ot(t —0o(s)) /05 S(s,o(r)) f(r,u(r)) Ar As + /Ot(t —o(r)f(ryu(r)) Ar

= Ct)z+Sty+ A /Ot(t —0o(s)) /03 S(s,o(r))f(r,u(r)) Ar As
+ /Ot(t —o(r))f(r,u(r)) Ar

— Ot + Sty + /Ot (S0t 0() — (= o)) £ ur) Ar
+ [ ¢ o utr)

= C(t)x+S(t)y+ /0 S(t,o(r))f(r,u(r)) Ar,

concluding the proof. 0
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